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Abstract 

Algebro-geometric structures arising in Birkhoff strata of Sato Grassmannian are analyzed. It is shown that each 
Oj, Birkhoff stratum Es contains a closed subset Wg which algebraically is an infinite family of infinite-dimensional 
commutative associative algebras and geometrically it is an infinite tower of families of algebraic curves. For the big 
cell the subset W0 represents the tower of families of normal rational (Veronese) curves of all orders. For Wi it is 
the family of coordinate rings for elliptic curves. For higher strata, the subsets Wi,2,...,n represent families of plane 
(n + 1, n + 2) curves (trigonal curves at n = 2) and space curves of genus n and index(9iy 1 2 n ) = ~ n - Two methods 
of regularization of singular curves contained in VKg, namely, the standard blowing-up and transition to higher strata 
with the change of genus are discussed. 

Cohomological and Poisson structures associated with the subsets Wi,2,...,n are considered. It is shown that the 

tangent bundles of Wi,2,...,n are isomorphic to the linear spaces of 2— coboundaries, special class of which is provided 

' ■ by the systems of integrable quasilinear PDEs. For the big cell it is the dKP hierarchy. It is demonstrated also 

^J ' that the families of ideals for algebraic varieties in VFi,2,...,n can be viewed as the Poisson ideals. This observation 

establishes a connection between families of algebraic curves in Wg and coisotropic deformations of such curves of zero 

and nonzero genus described by hierarchies of hydrodynamical type systems like dKP hierarchy. Interrelation between 

**) ' cohomological and Poisson structures is noted. 
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1 Introduction 

Algebraic curves in finite-dimensional Grassmannians is a classical subject in algebraic geometry and other branches 
of mathematics (see e.g. [T]-|ll]). In contrast, the story of interplay between infinite-dimensional Grassmannians and 
algebraic curves was quite non-classical. 

Interest of recent years to infinite-dimensional Grassmannians is mainly due to the Sato's papers [121 113] . He 
demonstrated that the Kadomtsev-Petviashvilii (KP) hierarchy and hierarchies of other nonlinear partial differential 
equations integrable by the inverse scattering transform method discovered in [14] (see e.g. |15II16| ). have a beautiful 
geometrical interpretation in terms of special infinite-dimensional Grassmannian (Sato Grassmannian) . Since the papers 
[121 113] Sato Grassmannian became a powerful tool in many branches of mathematics and theoretical and mathematical 
physics from algebraic geometry to quantum field theory, string theory, and theory of integrable equations (see e.g. 

hzi-to- 

Significance of algebraic curves in the construction of solutions of integrable equations has been understood in the 
middle of seventies (see e.g. [31 1 132) ). In particular Krichever [331 134] demonstrated that for any complex algebraic 
curve (with some additional data) one can construct a (Baker-Akhiezer) function ip which obeys a compatible pair 
of linear differential equations. Compatibility of these equations is equivalent to a nonlinear integrable equation, for 
instance, to the KP equation. After the Sato's results [121 113] on the identification of solutions of integrable equations 
with subspaces W in Grassmannian it became clear that the correspondence discovered in 33, 34 can be extended to 
a map between algebraic curves and subspaces in Sato Grassmannian 19 . This paper of Segal and Wilson and the 
paper 23 coined the name of Krichever map (correspondence) for such a map. 

Since then the Krichever map, its inversion and extensions have been studied within different contexts in a number 
of papers (see e.g. [35, 24 , 36 - 44 J. In particular, in the papers 35, 24, 36 it was shown that, the so-called Schur 
pair (^4, W) plays a central role in the construction and analysis of Krichever map. With all the diversity of the results 
obtained, the constructions associated with the Krichever map share a common feature. It is the fact that an algebraic 
curve, though closely connected, is an object exterior to Sato Grassmannian. It seems that there are very few results 



concerning the study of algebraic curves in Sato Grassmannian itself. We note the study of rational curves in Gri and 
in Schur cells of Gr' 2 ' [19] (section 7) and brief analysis of hyperelliptic curves in Birkhoff strata of Gr' 2 ' [45] . 

In the present paper we will follow a classical way adopted in [191 145] and we will look for algebraic curves inside 
Sato Grassmannian itself. Our main result is that each Birkhoff stratum £1,2,. ..,n of the Sato Grassmannian Gr contains 
a subset Wi,2,...,n closed with respect to pointwise multiplication. Algebraically all Wx,2,...,n are infinite families of 
infinite dimensional associative commutative algebras with n+1 generators. Geometrically each point of Wi t 2,...,n is 
an algebraic variety and the whole Wi : 2,...,n is an algebraic znd-variety with each finite-dimensional subvariety being 
a family of algebraic curves. For the big cell £ the variety W& is the collection of families of normal rational curves 
(Veronese curves) of the all orders 2,3,4, ... . For the stratum £1, each point of the subset W\ is the coordinate ring 
of the elliptic curve and W\ is equivalent to the infinite family of such rings. Set Wi,2 is equivalent to the families 
of coordinate rings of a special space curve with pretty interesting properties. This family of curves in Wi,2 contains 
plane trigonal curve of genus two and index(dw 1 2 ) = — 2. We conjecture that the closed subspaces Wi t 2,...,n hi higher 
strata £1,2,.. .,n (n = 3, 4, 5, . . . ) have similar properties. In particular, Wi t 2,...,n contains plane (n + 1, n + 2) curve of 
genus n and index^Wj >2 ,...,„) — ~ n - 

It is shown, that the projections of basic algebraic curves in each stratum to lower dimensional subspaces are given 
by singular higher order curves. Two ways of their regularization are discussed. The first is the standard blow-up by 
quadratic transformation within the same stratum without change of genus. The second way consists in transition to 
the higher stratum. In such a regularization procedure genus of a curve increases. 

Local and Poisson structures associated with the subspaces VKi,2,...,n are discussed. It is shown that the tangent 
bundles of Wi t 2,...,n and Wi t 2,...,n modules E\^,...,n are isomorphic to the linear spaces of 2— coboundaries and Harrison's 
cohomology modules H 2 (W,E) and H 3 (W, E) vanish. Special classes of 2— cocycles and 2— coboundaries are described 
by the systems of integrable quasilinear PDEs. For example, a class of 2— coboundaries associated with the subspace 
W0 in the big cell is provided by the dispersionless KP (dKP) hierarchy. 

We give also an interpretation of the families of ideals /(r^) for families of algebraic curves in W\ t 2,...,n as the 
Poisson ideals. It is shown that the family of ideals for the family of normal rational curves in the big cell is the Poisson 
ideal with respect to a Poisson structure obeying certain constraints. Two sets of canonical variables in such Poisson 
ideals are used. It is demonstrated that in the Darboux coordinates the above constraints are nothing else than the 
dKP hierarchy. Similar results remain valid for other strata too. 

Finally an interrelation between cohomological and Poisson structures of Wi,2,...,n is observed. 



2 Birkhoff strata and index(c^ 



Here we recall briefly basic facts about Sato Grassmannian and its stratifications (see e.g. [191120] ). 

Let H = C((z)) be the set of all formal Laurent series with coefficients in C and H+ — C[z] is the set of all 
formal polynomials in z. Sato Grassmannian Gr is the set of closed vector subspaces W C H such that the projection 
W — > H+ is Fredholm. Each W C Gr possesses an algebraic basis (wq(z), w\(z), . . . ) with the basis elements 

n 

w„ — V^ aiZ 1 (1) 

i= — 00 

of finite order n. The set Wfi„ of elements in Gr of finite order is dense. 

Grassmannian Gr is a connected Banach manifold which exhibits a stratified structure |20| . To describe this 
structure one introduces the set I. It is the family of all sets S C Z which are bounded from below and contain all 
sufficiently high integers. The canonical form of such S is 

S = {S0,S1,S2...} (2) 

such that so < si < S2 < ■ ■ ■ and s n — n for large n. Then for the subspace W C Gr one defines 

Sw = {s £T : Wcontains elements of order s}. (3) 

Given S £ I the subset Eg of Gr defined by 

£ S = {W 6 Gr : Sw = S} (4) 

is called the Birkhoff stratum associated with the set 5*. The closure of £s (Birkhoff variety) is an infinite-dimensional 
irreducible ind-variety of the finite codimension l(s) = Y2 k>0 {k — st)- In particular, if S = {0, 1, 2, ... } the corre- 
sponding stratum has codimension zero and it is a dense open subset of Gr which is called the principal stratum or 
big cell. Lower Birkhoff strata correspond to the sets 5* of type Q different from {0, 1,2,...}. For instance, the set 
S = {—1, 0, 2, 3, 4, ... } corresponds to stratum £1, while the set { — 2, —1, 0, 3, 4, . . . } is associated with £1,2- Here and 
below, for convenience, we will use also the notation £g fir the Birkhoff strata where S = {N — S} denotes a set of holes 



in the positive part of S with respect to N. Note that Grassmannian Gr has also the Schubert or Bruhat decomposition 
which is dual to Birkhoff stratification. Schubert cells Cs are subsets of the elements of the form X^fc=_jv bkz k numer- 
ated by the same sets S as Birkhoff strata and have finite dimensions l{s). Schubert cell Cs and Birkhoff stratum Es 
intersect transversally in a single point. 

Schubert varieties in finite and infinite dimensional Grassmannians have been studied pretty well while it seems 
that the Birkhoff varieties have attracted considerable interest mainly within the theory of integrable systems (with 
few exceptions (see e.g. [46])). ft was shown in [13". 47j that the flows generated by the standard KP hierarchy belong 
to the big cell. On the other hand, singular solutions of the KP hierarchy for which the r-function and its derivatives 
vanish, are associated with higher strata. A method of desingularization of wave functions near blowup locus (Birkhoff 
strata) has been proposed in [47]. In the papers 48, 49, 50] it was demonstrated that there are infinite hierarchies of 
integrable equations associated with each Birkhoff strata. 

In addition to algebraic and geometrical aspects the Birkhoff stratification exhibits also an interesting analytic 
structure. It was observed in [T5] (section 7.3) that the Laurent series {T} are the boundary values of certain functions 
Q. — C — X>oo where T>oa is a small disk around the point z = oo. Formalizing these observations Witten [22] suggested 
to view Sato Grassmannian as the space of boundary conditions for the d operator. Namely, let H be the Hilbert space 
of square integrable functions w(z, ~z) with respect to the bilinear form 

(u,v) - 27vi u(z,~z)v(z,z). (5) 

Then, given W £ Gr there is an associated domain T>w on % for d given by those functions w for which dw £ T-i and 
such that their boundary values 5*oo = <9©oo are in W . This elliptic boundary value problem is defined correctly if d 
is the skew-symmetric operator, i.e. 

(v,du) = -(dv,u),Vu eV w , VceP^ (6) 

where W, the dual of an element W in Gr, as the space of formal Laurent series u(z) of z £ Sao, obeys the condition 

dz 

^—v(z)u{z) = 0, VwG W. (7) 

g ZIYIZ 

Let dw denotes the d operator acting on the domain T>oo. The index of this operator is defined (see e.g. ^22:) 

index dw = dim(kerdw) — dim(coker(9w). (8) 

Taking into account that for given Sw one has S w = {— n\n <j£ Sw}, one finds [50] 

index dw = card(SW - N) - card(S~ - N). (9) 

where N = {0, 1, 2, 3, . . . }. 

For the hidden KP hierarchies the index of the d operator has been calculated in [50] . 

3 Big cell E . Families of normal rational (Veronese) curves 

We begin with the principal stratum E0. Since in this case the basis H} is composed by the Laurent series of all 
positive order n — 0, 1, 2, 3, . . . there exists a canonical basis {po,Pi,P2, . . . } in E with the basis elements of the form 

°° rri 

Pl (z) = z* + Y,^t, i = 0,1,2,.... (10) 

fc=i 

Basis elements (|10[) are parameterized by the infinite set of arbitrary HI G C 

Points of E0 are represented by the subspaces which are spans of {po(z),pi(z),p2{z), . . .} with fixed all HI.. E0 
itself is a family of such subspaces parameterized by H 3 k . 

In this paper we will study particular situations when such subspaces have a specific algebraic property, namely, 
when they admit a multiplication of elements. The following Lemma is the starting point of the analysis. 

Lemma 3.1 Laurent series Pi(z) H10\) with fixed HI obey the equations 

Pj (z)p k (z) = ^C4p^), j,k = 0,1,2,... (11) 

if and only if the parameters HI satisfy the constraints 

H° = 0, j = 0,1,2,... (12) 



and 

j — 1 k — 1 m — 1 

#m h - H 3 m+k - Hf +rn + J2 HUHL + J2 H i-i H ™ - E H ™-i H i = 0. J. fc, m = 1, 2, 3, . . . . (13) 

i=l i=l !=1 

Proof Let us require that Laurent series pop obey the condition (|11|) . Comparing the coefficients in front of positive 
powers of z in both sides of (|11[) . one concludes that 

C$ fc =«}•+* + #*-»+-»*-«, j,* = 0,1,2,3,... (14) 

and all Hj = 0. Counting of negative powers of z gives the relations (|13|) . The conditions (|12[) and (|13p obviously are 
also the sufficient one. □ 

Note that in this case po = 1 an d the conditions PoPi(z) — Pi(z) are identically satisfied. 

Lemma (|3.1|l has an immediate consequence. 

Proposition 3.2 The big cell E contains the subset Wei closed with respect to pointwise multiplication, i.e. for any 
fixed H 3 k obeying I12j) and \13fy and any two qi(z,H),q2(z,H) G W0 their product qi(z,H)q2(z,H) = qs(z,H) G Wes- 
This subset W0 is an infinite family of infinite-dimensional commutative associative algebras. 

Proof The conditions |TT} guarantees that for any two elements qi — ~}2TL ctjPj(z,H),qi = ~^2^L PjPj(z, H) with 
fixed HI obeying the constraints (|12[l and Q130 . the product 5152 is of the form X]°lo yiPi( z > H) with some jj. Equations 
(|lip represent the table of multiplication for a commutative algebra with the basis (l,pi,P2,. • •) and the structure 
coefficients C 3 kl (|14[1 for each z. It is a direct check that the conditions (|12[) and (1 13 p are equivalent to the associativity 

condition 

00 00 

J2 C '^ C ?™ = Y, C '^ C ?P 3,k,m,p = 0, 1,2,... . (15) 

for the structure coefficients C l j k . So, at fixed Hi, the span of {po(z) , pi(z) , P2(z) , . . . }, i.e. the point of the big cell is 
an infinite-dimensional associative commutative algebra with the structure constants (|14p . The subset Wei is a family 
of such algebras. □ 

In a different context the formulae (|11[) -(|15 [ ) have appeared first in the paper [51] devoted to the coisotropic 
deformations of associative algebras. In the rest of the paper we will refer to the conditions (I12|l and (I13p and similar 
one as the associativity conditions. 

Algebra As at fixed Hi described above is the polynomial algebra C[pi] in the basis of Faa di Bruno polynomials 
|51| . Indeed, it is easy to see that the relations pip and ()14[1 are equivalent to the following 

P2 =P\ -2H\, 

P3 =Pi 3 - 3Hlpi - 3H2, 

pa =pi 4 - wW - mlpx - ml + 2H{ 2 , 

PS 



pi 5 - 5Hl Pl 3 - 5HW - (5 Hi - 5 Hi 2 ) Pl -5Hl + 5 H\hI, (16) 



p n =pi" + 2j^nfePi fe , n = 6, 7, 8, ... 

fc=0 

where u nk are certain polynomials of H^, m — 1, 2, . . . ,n — 1. The polynomials in the r.h.s. of ()16|l have been called 
Faa di Bruno polynomials in |51| . 

The pointwise constraints f|l 1 p and (|16p for the basis elements Pi(z) have simple geometrical interpretation. Indeed, 
if one treats pi(z),p2(z),p3(z), . . . , for given HI and variable z, as the local affine coordinates, then the conditions pip 
become the constraints on coordinates pi,p2,P3, . . . of the form 

j+k 
fjk=PiPk-^C l jhPl = 0. (17) 

;=o 

These relations define an algebraic variety for the fixed H 3 k . So, under the constraint p7p one has an algebraic variety 
at each point of Wei. Varying H 3 k , one gets Wei, and thus we have 

Proposition 3.3 The big cell E contains an infinite family F^ of algebraic varieties which are intersections of the 
quadrics 

J k 

fjk=P]Pk-Pj+k-^ j Hip j . l -^2 l H 3 l p k . l =0, j,k = 1,2,3, ... (18) 

(=1 (=1 

and parameterized by the variables Hi obeying the algebraic equations j!2\) and H3\) . This family Too is the infinite 
tower of infinite families of rational normal curves (Veronese curves) of all orders. 



Proof In virtue of the equivalence of the set of equations (|16[1 to the set 

h 2 =p 2 -pi 2 + 2Hl = 0, 

h 3 =ps -pi 3 + SHl Pl + 3#2 = 0, 

n — 2 

h„ =p„ —pi n + Y^ u nk pi k = 0, 



(19) 



the variety Too has dimension 1 for each fixed H m , m — 1, 2, 3, . . . . The ideal of Too is I(Y ao ) = (/t2, h 3 , /u, . . . }. For 
each finite-dimensional subspace with coordinates pi,p2, ■ ■ ■ ,Pn and fixed H^, m = 1,2, . . . ,n — 1 the corresponding 
variety Yd is a rational normal curve of order d. For instance, F3 is the twisted cubic. Formulae (|19|) represent the 
canonical parameterization of rational normal curve (Veronese curve) (see e.g. [5]). Due to the associativity conditions 
(|13[) and their consequence nH % n = iH™ all HI are polynomial functions of H^, m = 1,2,3, ... . For example H™ = nH\, 
H 2 = Hi + 2H\. Thus, the family of algebraic varieties Yd parameterized by H\,H^, ■ ■ ■ ,H\_ X , i.e. the family of 
rational normal curves of the order d, is itself the affine algebraic variety in the 2d — 1-dimensional space. Finally, the 
variety Too is the ind-variety since Y2 <Z ■ ■ ■ C Yd-i Cf^C F^+i C . . . . □ 

We note that within the theory of schemes (see e.g. HJ-G2) one can define algebraic variety associated with the 
point of the subset W0 (at fixed H 3 k ) as the Spectrum Spec(TiU) of the ring Ra corresponding to the algebra ^4e - 

In the theory of ideals and algebraic geometry, the so called canonical basis, generated by elements of the form 
Qn — a n with some a n play a distinguished role (see e.g. [5], Lecture 5). For an ideal I(Yoo) such basis can be found in 
the following way. First from the constraint Y12 — 0, one has H\ — | (pi 2 — p2). Substituting this expression for H\ 
into /13, one gets 

h = P3 + ipi 3 - -pip* + ZHl = 0. (20) 

From this relation one obtains H\ in terms of pi,p2,P3 and then substitutes into /14 getting hi. Continuing this 
procedure, one finds (see also [52] ) 

h n = -n(P n (p)-H 1 n _ 1 ), n = 2,3,4,... (21) 

where p~k — ~j:Pk and P n (p) are standard Schur polynomials defined by the formula 

00 
eES.i«"*» = J2z m Pm(ti,t2,t 3 ,...). (22) 

Thus one has 

Proposition 3.4 Canonical basis for the ideal I (Too) is composed by the elements 

K.=Pn-Hn_-L, n = 2, 3, 4, . . . (23) 

where p* n = P n {-pt, -5P2, -§P3, • ■ •)■ 

This observation reveals that the variables Hi, k — 1, 2, 3, . . . play the distinguished role in the parameterization of 



the associativity conditions (|13[) . 

The proposition 13.41 has an obvious 

Corollary 3.5 In the variables p* and u n — H„, n — 1,2,3,... the variety F^ is given by intersection of the 
hyperplanes (23\) . 

As far as the d— operator is concerned one easily shows that for the big cell 

index dw =0. (24) 

Rational normal curves in Too defined by (|19[) are regular for all d — 2, 3, 4, ... . Their projection to lower dimensional 
subspaces are singular algebraic curves of different types. 

For the twisted cubic defined by the first two equations (|19|l the projection along the axis pi to the subspace with 
coordinates P2 , P3 is given by 

-^23 = Ps 2 - P2 + 6Hip 3 + SHl 2 P 2 + ml 2 - 2Hl 3 = (25) 

or in the standard form 

T 2 ' 3 =p 2 -P2 3 + 3Hl 2 p2-2Hl 3 = (26) 



where ps = ps + 3Hl . Since the discriminant of the curve vanishes 



a -l4((T) S -(-CH=" 



it has an ordinary double point and zero genus. 
Curves ((25)) belong to the ideal X and 

^23 = Os + b 3 ) h 3 + (-h 2 2 + bih 2 + 62) ha (28) 

with 

&4 = -3pi + 6Hi——3p 2 , 

63 =2 Pl 3 - e^rjpi = 2(p 3 + affa 1 ), (29) 

62 = - 9 Hi 2 + 12 fl-Jpr 2 - 3pi 4 = -3p 2 2 + 3-fff 2 

and 

h 3 + b a = p 3 + SHl - {pi 2 - 3Hl) Pi=Pz + 3H l 2 - {p 2 - Hi) Pl - h 2 2 + b 4 h 2 + b 2 = -3p 2 2 + SHl". (30) 

We note that in terms of hi and hz the projected twisted cubic is the plane cubic too. 

The projection parallel to the axis pi of the fourth order rational curve defined by first three equations (|19p into 
the two dimensional space (j>z,Pi) is represented by the singular trigonal curve 

•^34 = P3 4 - Pa 3 - 12 HW - 12 HlHlp sPi - (6 {Hi) 2 + 4 (Hi) 3 ) p 3 2 

- (48 (Hi) 2 - 12 Hl(Hl) 2 - 3 (Hi) 4 ) p 4 - (48 H\hIhI - 8 (Hlf - 12 (Hlf Hi) p 3 (31) 

+ 2 {H\f - 64 (Hlf + 12 Hl(Hl) 4 - 24 (Hlf(Hl) 2 - 3 (tf 1 ) 4 + 48 (Hl) 2 HlHl = 0. 

For the curve pip one has 

-^34 — {hi + as,hi + a 4 ) hi + (— hi + 09/13 + «7^4 + ae/l3 + 13) fa (32) 

where the coefficients 03, a 4 , ae, 07, as, a§ are given in the Appendix [Bl 

Finally, let us consider the fifth order rational normal curve defined by first four equations (|19p . Its projection into 
the plane (p 2 ,ps) is the singular genus zero quintic 

^2° 5 =P5 2 - vf + 10 Hl P2P5 - (-10 Hi - 5 # 12 ) p 2 3 - (-10 HlHl - 10 tf 1 ) Ps 

- (-10 Hi Hi - 25 Hl 2 \ p 2 2 - (25 i?3 l2 - 50 Hltii + 5 H^ + 30 Hf 2 .^ 1 - 50 HlHl 2 \ p 2 (33) 

+ 25 Hi 2 Hi 2 + 25 # 4 l2 - 2 # l5 + 50 Hi Hi Hi - 20 i^ff 13 - 50 # 3 l2 #i = 0. 



A projection of the fifth order rational curve into the two dimensional space (p4,ps) defined by first four equations (|19p 
is the plane singular (4, 5) curve in terminology of [53] 

^45 =V% -v\~ 20HIp 5 3 + (20 tfi-ffa + 10 H 2 12 ) p 4 P5 2 + (20 HlH{ 2 + 20H 2 1 H 1 ) P 4 2 P5 

+ (5 if 1 4 + 10 ii 3 12 + 20ff 2 l2 ff 1 1 )p 4 3 + (l50 Hi 2 -20Hl 2 Hl - 30 if \ 2 H { 2 -20H\h1 2 -4ii l5 )p 5 2 

+ (-2QHIh{ A - 60 h{ 2 hIh\ + 200 i^A^if 1 - 40 h\h\ 2 + 100 iiVpif 1 - 40 H^ H{\ PiP5 (34) 

+ ( -40 iij 3 if* 2 - 20 if 1 iij 4 - 20 ii 3 13 + 5ii 2 14 + 50 H\ 2 H{ 2 - 40 H\ 2 H\ Hi 

+W0H 1 Hl 2 Hl + 100 H\hIhI) p A 2 + c sP5 + c iP4 . + c = 

where the coefficients cs,C4,cq are given in Appendix iBl 

In the next sections we will see that curves (|25p . pip are singular limits of regular algebraic curves from the strata 
Si and £1,2. 

The system (|lip - (|14p admits infinitely many simple reductions. The first pi = z is obviously trivial. The constraint 
p 2 = z 2 , i.e. all Hi = 0, due to ([T3J implies that H?™ - 0, m — 1,2, 3, . . . , n = 1,2, 3, . . . , i.e. p 2n = p 2 n = z 2n , 
n — 1,2,3, ... ■ It is easy to show that the system (pT]l - (fT4)l admits the reductions pi„ = p" — z ln , I = 1, 2, 3, ... , 



4 Stratum E . Family of centered normal rational curves 

The first stratum different from E is associated with S — { — 1, 1,2,...}. In the absence of zero order element the 
positive order elements of the canonical basis are 

Pi^ + flS + ^l*, i = l,2,3 > ... . (35) 

fc>i 

Since (p-i) 2 ^ (pi)i=-i,i,2,... the element p_i cannot belong to a point in the subset of Eo closed with respect to 
multiplication. Considering only pj of positive orders one has 

Lemma 4.1 Laurent series 135\) obey the equations 

oo 

Pj(z)p k (z) = ^2c l jk pi(z), j,k = 1,2,3, ... (36) 

if and only if the parameters H J k , k = 0, 1, 2, . . . obey the constraints 

m j — 1 fc — 1 

^ +m + H* +m + J2 H k s H^ a = W m +k + J2 H h s H^° + J2 HlH h m - a - (37) 

s=0 s=0 8=0 

Proof Proof is similar to that of Lemma [3. II The constants C\ k are given by (|14[) with j, k, I = 1, 2, 3, . . . . □ 
As the consequence of this Lemma one gets 

Proposition 4.2 The stratum Eo with S = { — 1, 1,2,3, ... } contains the subset Wo closed with respect to pointwise 
multiplication, i.e. Wo(H) ■ Wo(H) C Wo(H). Elements of Wo are vector spaces with basis {pi)i with H* obeying the 



constraints \37\ ). Algebraically the subspace Wo is the infinite family of infinite-dimensional commutative associative 
algebras Ay, q without unity element. 

Proof Proof is analogous to that of Proposition 13.21 □ 
Algebra As Q with fixed H* is a polynomial algebra since 

P2 =P\ -2H pi, 

P3 =Pi 3 - 3HoPi 2 - S(Hi - Ho )pi, 

(38) 

n-l 

Pn =pi" - ^2 u k p! k , n = 4, 5, 6, ... 

fe=i 

Geometrically interpretation of the subspace Wo is similar to that given in Section [3] 

Proposition 4.3 The stratum Eo contains an infinite family of algebraic varieties defined as intersection of the 
quadncs 

i-i fe-i 

Fjk =P 3 +Pk -PjPk + ^HiPj_i +^2H}p k -i = 0, j, k = 1,2,3,... (39) 

1=0 1=0 

which is parameterized by H 3 k obeying the equations \37ty . This family is an infinite tower of normal rational curves of 
all orders passing through the origin. 

Proof The ideal of this family of algebraic varieties is 7o(r oo ) = (/12, hs, hi, . . .) where 

hi =P2 — pi + 2H pi, 

h-i =p 3 -pi 3 + 3HoPi 2 + 3(Hl - Ho )pi, 



(40) 



h„ =p„ - pi" + ^2 u k pi k , n — A, 5, 6, 



In contrast to the big cell all these normal rational curves pass through the origin p 1 — p 2 — P3 — • • ■ — 0. □ 

Since S^ = {0, 1, 2, ... } for the subspace Wo one has index(cHy ) = 0. 

Similar to the big cell all normal rational curves given by (|38p are regular and have zero genus while their projections 
to the lower dimensional subspaces are singular algebraic curves. For instance, the projection of the Veronese curve 



of the order 3 defined by the first two equations (|38|) onto the subspace with coordinates (j>2,P3) is the singular plane 
cubic 

Hs =P3 2 -P2 3 -(3Ht ) 2 -6H 1 1 ) P2 2 - (-6 Hi, Hi +2ff„ l3 )p 3 - (-12 HlH? + 9 H{ 2 + 3 H^) p 2 = 0. (41) 

In the standard form it is 

p\ ~ P% + 3 H 1 2 p2 - 2Hl 3 = (42) 

where ps = pz + 3 HqHI — Hq and p2 = pi + i?o ~ 2 //^ . Analogously the projection of Veronese curves to subspaces 
(j>i,Ph), (P3,P4,), (p4,Ps) are singular algebraic curves of genus zero. 

Comparing the formulas of this and previous sections, one observes that they are pretty close to each other and the 
algebraic curves in the big cell an stratum Eo are essentially of the same type. Moreover one can easily see that they 
are transformed to each other by the simple change of "coordinates" 

p bi B «u =p E _ jH 4 ) i = i,2,3,... (43) 

where 

H —2 H 1 — H , 

H — - 3 H Hi + H +3H 2 , , , 

#o 4 = -2H\ 2 + 4HlHl 2 - Hi 4 -AHlHl +AHl, 

So all the results for the stratum Eo are easily obtainable from those for the big cell. Formally one can consider these 
two cases as two special reductions of a more general family of normal rational curves defined by the equations 

P2 —pi +U21P1 +^20, 

Pi =P\ + U32P1 + U31P1 + U30, 

(45) 

71-1 

p n =Pi n + ^2 u nk p! k , n — i, 5, 6, ... 

k-0 

where u nm are parameters. Such class of normal rational curves is invariant under the shifts 

Pn^Pn + Ct n , 71=1,2,3,... (46) 

where a n are arbitrary parameters. This invariance allows us to fix the infinite (countable) set of parameters u nm . 
The gauge in which u n „_i =0 corresponds to normal rational curves from the big cell. In the gauge u„o = one has 
the normal rational curves from Eo. 

Similar situation takes place for other strata for which 0^5*. By this reason in the rest of the paper we will consider 
only strata for which 6 S. 

5 Stratum Ei. Elliptic curve and its coordinate ring. 

For the stratum Ei one has S = { — 1, 0, 2, 3, ... } and the element of the first order z + 0(z~ 1 ) is absent in the basis. 
Hence, positive order elements of the canonical basis in Ei have the form 



"" rrU 

po(*)=i+>r;-A, 

fe=1 (47) 

°o rri y ' 

Mz)=z l +Hl lZ + J2^t, * = 2,3,4,.... 

fc=i 

Similar to stratum Eo the element p_i cannot belong to a point in the subset of Ei closed with respect to multiplication. 

Lemma 5.1 Laurent series UTJ) obey the equations 

Pi(z) Pj (z)= ]T C\ ]Pl {z), i, j =0,2,3,4,... (48) 

(=0,2,3,... 



if and only if the parameters HI satisfy 

Hl = Q, fe = 1,2,3,... (49) 



and 



H] +l + Hl t + HUHi +1 + Hl x Hi +x + J2 HiHL 



i-1 3-1 



(50) 



n = 2 n=2 

(H; + HI + HUHi + HiHLJSl i,* = 2,3,4,..., { = -1,1,2,3,.... 

Proof Proof is similar to the case of E . Considering positive powers of z in both sides of (|48f> . one gets 

Ck = fiu + HlA+i + #-i^+i + Hli + HU + HUHlA +(h) + HI+ H^Hf + flJtfO 6 l . (51) 



Comparison of negatives powers gives formula (150[) . □ 
As a consequence of the Lemma 15.11 one has 



Proposition 5.2 The stratum Ei contains the subset W\ closed with respect to pomtwise multiplication Wi(H) ■ 
Wi(H) C W\(H). Elements ofWi are vector spaces with basis {pi)i with HI satisfying the conditions J^g| ) and $50\) . 
Moreover Codim(Wi) —card(N — «SWi) — 1- 

The subset W\ is the infinite family of infinite-dimensional commutative associative algebras As 1 with the basis 
(1,P2,P3,P4, ■ • • ) and corresponding structure constants CL given by (151 p . 
An analysis of the multiplication table (|48|> . i.e. 



p 2 2 = P4 + 2Hi 1 p 3 + (Hl 1 ) 2 p2 + 2Hl + 2H^Hl 1 , (52) 

P2P3 = PS + Hl 1 p i + Hl l p 3 +(Hl l H't 1 +H 2 1 )p2+Hl 1 Ht +HlHl 1 +Hl+Ht, (53) 

P2P4 = p 6 + H 2 _ lP5 + (H! + H 4 _ ± ) p 3 + (H^HU + H 2 2 ) p 2 + Hj + H 2 _,Ht (54) 

p 3 2 = p6 + 2H s _ lP 4+(H i _ 1 2 + 2H't) P 2 + 2Hl + 2H'i 1 H't, (55) 



P2P5 = P 7 + Hl lP6 + H 2 p 4 + (Hi + H 5 ^) P3 + (Hi + H^H 5 ^) P 2 + H^H! + Hi (56) 

+f/ 5 2 + tf 1 2 #i 1 , 
P3P4 = P7 + H^ 1 p 5 + Ht lP4 + H'tp 3 + (Hl + H'i 1 H 4 _ 1 +Ht)p2+Hl + H'i (57) 

+#_i#i 4 + # 1 ; J Hli 

and so on shows that the algebra Ai^ at fixed -ff^ is the polynomial algebra generated by po = 1,P2,P3- However 
the formulae (|54|l and (155 p immediately indicate that they are not free. Indeed, subtracting (|55p from (I54|l . one first 
eliminates P6 then, using ([52|l and (f53|) . gets 

C 6 =P3 2 ~ P2P4 + ^!iP5 + 2 J ff! lP4 + {Hi + fllOpa + (-^-l 2 -2^ + Flifllj + iff )p 2 

-2Hl lPi -2 Hi - 2 HlxHl + Hl lP5 + H\ + H\h\ + H 2 x Ht x + H% 

■ p 2 3 + 3 Hi lP3 p 2 - 2H\ V 2 2 + (H 2 _* + 3H! + ffiiiJir) p 3 
- (hI^ +2 Hf -3 H\Hl - 3 tf 2 2 + H'i 1 H 2 _ 1 2 \ p 2 
+ 3HJ + 3H|H£i + 3 Hi Hi* + 3Hf - 2#i 1 #f i - 2#f - 3-ffii-Hf -SHl^Hl 

+ Hl-^HlxHl + 4Hinl 1 = o. 



2 
=P3 



(58) 
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This constraint, due to (|48J1 . leads to the following constraints on H 2 and Hf 

tt3 " rj-2 ^ tj-2 tt-3 , r __3 __2 

"2 ~ o 3 _ 2 +2 11 ' 

H 3_l ff 2 rj-2 rr3 , 1 rr3 rr2 1 „2 3 3 1 3 2 , 3 2 rr2 3 2 rr2 ,3 „2 

"4 — ^ -"-l- H 2-n-l + ^ H-1JI3 + -ii_! ttj — - H 1 H 1 + - H 4 tt_ 1 + - H 2 -tli + - Ms 

3 H -2 H -2 2 3 2 rr3 1 „2 2 3 2 

_ 4 3 1 _ 9 3_ I ' 

#! =| #?ltf ~ § ffiiff? -+-§«"«- 1 ^-i" + 2 #- ^ + \ Hi lH f + \ Hi? Hi - H\Hl ( 59 ) 

H" 2 IT 2 Tj'i 2 t „3 tt-2 jj2 2 3 2 rj-2 t 3 2 2 3 6 2 rj-2 r/2 

+ 1 h\"hUhI + \ Hi, 2 Hi - i h? 2 - 1 ffi, 4 ^ 3 + 1 i/ 2 # 2 ! 3 + ^H?, 

It is not difficult to see that the conditions ([59} form a subset of the system (|50|) . The coefficient _ff| appear in the 
curve (I58|l itself which, after the substitution, becomes 

^23 =P3 2 ~P2 3 +3fll 1 p 8 pa - 2 J ff 3 : iP 2 2 + (i/-! 3 + 3 Hi + Fiiflli) P3 

- (h 3 ^ 2 + 2 # 3 - 3 # 2 xtf 2 - 3 Hi + H'i 1 H 2 _ 1 2 \ p 2 



,,,-2H'i 1 H'? + 3H'i + 3 HiHiS - £ H^i^ + 3 H'(" - ^ Hi? Hi 



(60) 



2 — i "- 3 ' -- 1 2 



)-Hl 1 HtH'l 1 +<lHl 1 Hl = 0. 



The constraint (|58[) implies also that any element p n € Ae x has the form 

Pn = a n (p 2 ) + Pn(P2)P3, n = 2,3,4,5,6,... (61) 

where ct n and j3 n are certain polynomials of orders [l|] and [■'^f- 3 "] i respectively. 

The system of equations (|50|) gives rise to infinitely many other constraints between p 2 and pz. For instance, 
subtracting the formulae (|57[) and (|56[) . expressing p4,ps,p6 via p2 and P3, one gets 

C7 =P2P5 ™ P3P4 + • • • 

=Hl lP3 2 - H 2 lP 2 3 -3Hl 1 2 p 2 p3 + 2Hl 1 Hl 1 p 2 2 + {-ZHlH\ - Hi? H^ - Hl?)p 3 

+ (2Hl 1 H^ -3HI x hI ~ 3H 2 Hl? + Hl?Hl, + Hl 1 Hl?) P 2 + 2Hl 1 H'i 1 Hl (62) 

q r_r2 •" rrl 1 q rr2 3 tj-3 , q rr2 & rj-3 q rr2 rj-2 3 tj-2 ^ rj-3 tj-2 n rr2 rj-2 
— O -O _ 1 ti 3 +0-0_i il i + O -O _ 1 -T22 ~«J-"2-"-l ~ fl — 1 ^ — 1 -" 1 ~0-04-O_i 

+ 2h1 1 hI-?,h1 1 h? - ±h\h\h\ = 0. 

It is easy to see that 

C 7 = ff 2 r-Fi, (63) 

i.e. the constraint (|62[) is satisfied due to the constraint (|58|) . 
One observes that other simple constraints obtained in such a way have similar properties 

Cs =P4 - P3P5 H = P2 - P3 P2 H = -P2T23, 



C9 =P3P6 - P4P5 H = P3 3 - P2 3 P3 H = ( P3 — 3 # 2 1P2 - 3 H\ - til , - Hl 1 Hl 1 ) j\. 



(64) 

P3~ ~P2~P3 H = I P3 -a/i_!j52 -a/ij -/i_i -ii_ 1 iil 1 ] ^23- 

For other examples see Appendix [Cl 
In general one has the following 

Lemma 5.3 For any constraint 

/(P2,P3) = (65) 

arising from the system A5Up the polynomial f(p2,P3) is in the ideal generated by T^3- 

Proof Let us assume that f{p2,P3) is not in the ideal generated by .F23, i.e. 

/(P2,P3) = g(p2,P3)-F 2 1 3 + R{P2-,P3) (66) 

where g(p2,P3) is certain polynomial and the rest R(jp2,P3) is not identically zero. Since R(p2,P3) = /(P2,P3)|jri _ 
the rest R{p2,P3) has the form 

R(p2,ps) = A(p 2 ) + B(p 2 )p 3 (67) 
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where A and B are certain polynomials. So our assumption, due to (|65I66I67|) . is equivalent to the existence of nonzero 
A and B such that 

A(p 2 ) + B{p 2 )p 3 = 0. (68) 

The point is that such polynomials A and B do not exist. Indeed the l.h.s. of (|68|l . is a polynomial in j>2 and p3 of 
certain order and, hence, can be written as $^fe=o 2 3 IkPk- Since po,p2,P3,P4, ■ ■ ■ are elements of a basis in £1 then 
the condition (|68p is satisfied iff all jk = 0. One arrives to the same conclusion considering the representation of P2 
and P3 as Laurent series (|47[1 • D 
This lemma leads to 

Proposition 5.4 Algebra As 1 at fixed H 3 k is equivalent to the algebra C[p2,P3] /J~23- 

Similar to £0 one can treat p2(z),ps(z), ... for given HI and variable z as the local coordinates in £1. In such 
interpretation the condition (|48[) becomes constraints on the coordinates and one has 

Proposition 5.5 The stratum £1 contains an infinite family F^ of infinite dimensional varieties which are intersec- 
tion of the quadrics 

i-1 j-i 

fiP =PiPi ~ Vi+o ~ HliPi+l ~ A"-ift+l ~ J2 H i-iP l ~ 5Z ff i-!^ 

!=2 i=2 (69) 



- HUHL lP2 - (#j + #| + HUH{ + HlHi^ =0, *, 3 = 2,3,4, ... . 

and parameterized by the variables H 3 k (j — 2, 3, . . . ) obeying the algebraic equations (50\) . This family T^ is the infinite 
tower of algebraic curves of genus 1 with the elliptic curve in the base. 

Proof As it was shown above the relations (|69jl are equivalent to the following 



^3 = 0, h^ =p n - a„(p 2 ) ~ P„(p2)p3 - 0, 71 = 4, 5,6, (70) 

So, in the subspace (^2,^3) one has, for given H] an elliptic curve which generically has genus 1. In the three dimensional 
space P2,P3, Pi one has a curve which is the intersection on the cylindrical surface generated by the elliptic curve and 
the quadric 

hi 1} = P4-P2 2 + 2H'i lP3 + H\ 2 P2 +2Hl 1 Hl + 2 Hi (71) 

In the d-dimensional subspace one has the curve with the ideal 

IFl) = (Fh,h?\h£\...,h$l 1 ). (72) 

□ 

Moduli g2, 33 (see e.g. JT4, 55 ) of the elliptic curves (|58[1 are equal to 

92 =\HlH^ -Ih^-SH! - 1 -Hl 1 2 Hl 1 + 2Hl - ± Hlf, 

9 3 =2 Hi _ 3 #! - ! Hf + | H^H! + I H\H\ + H\H\hI x - 2 H't x Hl - | tf 2 2 # - 1* (73) 

2 „3 3 1 rr2 4 3 1 2 2 3 2 3 2 3 2 1 „2 6 

27 8 6 x 8 32 J 

and the J-invariant is J — 1728-^2— where the discriminant A = —16 (4(/2 3 + 27 gs 2 ) is given in the Appendix [Cl 

It follows from equations (|50|l that all H* can be expressed (polynomially) in terms of Hf (i — —1,1,2,3,...), 
ffii,ffi, and iff. For instance 

Hi = | Hi - i tf f^tf 3 + i fl^ff?. (74) 

Thus the family of curves T^, is parameterized by .Hli, i? 2 , flfi • • • ; ■H'-ii ^i, and //f . 

We emphasize that the elliptic curve J- 23 and its coordinate ring correspond to a point in W\. Hence, in the stratum 
£1 one may refer to such a point as an elliptic point and W\ as an elliptic subset of £1. 

Proposition 5.6 Index(dw 1 ) — — 1. 

Proof Since S Wl = N - {1}, then S^ ={-1,1,2,3,...}. Hence, lndex(d Wl ) =card({0})-card({-l})=-l. D 

Coordinate ring of the elliptic curve i|60[l contains various higher order singular algebraic curves. One of the examples 
is the singular hyperelliptic curve 

^25 =Ps 2 -P2 5 + 5Hl lP2 2 p s + (5 Hf + 5^.^ p 2P5 + (-2 J ff! 1 2 i/ 3 _ 1 + 11 H\H\ + 2H\ 2 

-2# 2 ! 4 + 3 Hi -2H'(\ pa 3 + (-H^Hii 2 + H 2 ^ H'U + 2H 1 2 H 2 1 2 - ±HlH\ (75) 

+H\H\ + 2H\ 5 +5Hi) p 5 + D iPi + D 2P 2 + D = Q 
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whose coefficients are given in Appendix [C] This plane quintic has genus 1 and 

-F25 = Us + 1Hl lP2 2 + (-HtxHli +p 3 + 6HU 3 + 4# 2 ) p 2 + i i/ 2 ^ 3 - HiiHii 2 
+tf! 1 3 tf 3 _ 1 +4fl?fll 1 a - 2fffff 2 „ 1 + I H2 3 -p 3 H 3 _ 1 - | flliff? + 2 P3 ^i 2 + 2tf! 1 5 ) fc« (76) 

+ (W + f-2Hii + AH 2 _A P 2 - ^Hi^HU + H 3 _ 2 + AHlA T\ 3 . 



23 ' 
Different type of curve contained in the family T^ is given ,for instance, by the trigonal curve 

x-i _ 
•r 34 — 

P4 :i -P3 i + 4H : L lP3 p4 2 + (3 Hl^ +QH 2 _ 1 Hl 1 -6ffi 2 )p 3 3 + (-2ffl 1 2 +4i? 1 3 )p 4 



2 



+ ( -6# 2 . 1 #! + 3# 1 2 #i 1 2 + 4#ii# 1 3 + l2Hl x Hl - 5H 3 _ 1 Hl 1 3 - 10 Hl 1 H 3 _ 1 2 ) p 3P4 , 



+ i-ZHl^ - 12 H\ A HU + 12 H\ 3 Hl - 12 Hl^ H 3 .^ + 27 H 2 . 1 H 2 H 3 _ 1 ~ 15 H 22 



(77) 
ffi #1 1 - 15 #1 * 

+ZHIHLX - 6 Hi -ZH'ti'Hl + 3H'jH'±i" +AH± x Hl + 4H£\ p 3 A 

+ A 4 p 4 + A 3 p 3 + A = 
where A4, ^3 and Ao are given in the Appendix [C] This plane curve has genus 1. For this curve one has 

-^34 = {p 2 + «P4P3 + bp 3 2 + cpA + dps + f) h[ 1} + (-P3 2 + hp3 + j) T\ 3 (78) 

where the coefficients a, b, c, d, /, h, j are given in Appendix [Cl 

Finally a projection of the curve in the four dimensional space (p2,P3,P4,Ps) defined by the equation 

^23=0, h^=0, 4 1)= (79) 

to the subspace (p4,ps) is given by (4,5) curve 

•F« = Ps 4 - P4 5 + ■ ■ ■ = (80) 

where the coefficients are too long for writing them here. They can be easily computed by an algebraic manipulator. 
The curve (l80j) is singular and has genus one. 

6 Stratum Ei. Weierstrass function reduction 



(n-3)(2n + l) 



Here we will study the reduction of the system (148|l - (|50[ l associated with the celebrated Weierstrass p-function given 
by the series (see e.g. [54]) 

1 °° 

pw = 4 + E c " u2n " 2 ( 81 ) 

n = 2 

where the coefficients c n are defined by the recurrence relation 

., n— 2 

^c ft c n _ fc , n = 4,5,6,... . (82) 

fc=2 

The Weierstrass function p(u) and its derivative p'(w) obey the equation 

p'(u) 2 = 4p(u) 3 -g 2 p(u) -g 3 . (83) 

where 32 = 20c2 and g 3 = 28C3 . Equation (|83[) clearly indicates that equation ((60} J-23 = should admit the reduction 
for which pi and p 3 are connected with p(u) and p (u), respectively. It is indeed the case and for such a reduction 

P2(z) = p(l/z) and p 3 {z) = --p'(u)\ u=z -i, (84) 

i.e. Hl n = c n+ i, n = 1,2,3,..., H% m+1 = 0, m = -1,0,1,..., fl| = -§# 2 , & = -1,0,1,... . Then it is a 
straightforward check that the whole system (|481) - (|50| l admits the reduction 

Pn+2 = -7 — ——rd"p(u)\ u=z -i, n odd 

1 n 1 ^ 

Pn+2 - 7 — ——d"p(u)\ u=z -i — -Cn/2+i, n even. 

(n + 1)\ n + 1 
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Under this reduction equations ()52p - (|57p take the form 



P2P2 =Pa + Yq32, 

P2P3 =P5, 

P3PA =P6 - — P2 - — , 

. 92 . 3g 3 
P2 Pi =pe + - P 2 + — , 



Due to (|85[l they are nothing else than the classical equations (see e.g. 154] ) for the Weierstrass function p(u) 



11 R 2 92 
P =6p ~ y : 



p" =12pp', 
P =30p - 
p"" =20p"p - 832 p - 12g 3 , 



p""=30p' 2 +12g 2 p + 18g 3 , ^ 



In particular, the last two equations (|87[1 and the first one give equation (|83[1 . One can observe also that the formula 
(|61[) under this reduction becomes the well known expression (see e.g. [54] ) 

a n (p(u)) + p n (p(u))p'(u) (88) 

for an entire elliptic function. 

Pure algebraic characterization of the reduction (|85|l is an interesting open problem. 
For the Weierstrass reduction 

P2 = p(u)\u=i/z, P5 = - — p'"(u)\ u=1/z (89) 



the hyperelliptic curve (175[1 has the form 

p'"(u) 2 -576p(u) 5 + 144 52 p(u) 3 + 144 53 p(u) 2 = 0, u = l/« (90) 

which is a consequence of the formula (|83p . It has, obviously, genus one. The formula ()89|l reproduces the well known 
parametrization of the fifth order hyperelliptic curve of genus one in terms of the Weierstrass- p function. 
Weierstrass reduction (185p of the trigonal curve (|77p is given by 



1 '1 \\ 

P3=--p(«) 

Z \u = z x 

1 /// J 52 2/ J .92 



(91) 



inally, for the Weierstrass reduction, 


i.e. 


for 
















Pi 


= gp"( u )l, 


i=Z -l 


92 
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P5 


1 ,/, 

= ~24 P 


(w)L= 


= z-l 



while the curve (|77[) takes the form 

( P 'H 2 + 93 y = a (p« (u) _ ff2 ) 2 (p" (u) + 1) . 02) 



(93) 

P5=~ ^P'"(«)U=*-1 

the curve (|80|) is 

3(p'») 4 - 128(p"H) 5 + 64 fl2 (p"H) 4 + 144 fl3 (p'») 2 p» + 160 52 2 (p») 3 
+ 72 5 2ff 3 (p'"(w)) 2 + (-16p 2 3 + 1728 g 3 2 )(p"(u)) 2 + (-64 g 2 4 + 1728 g s 2 g2)p"(u) (94) 

+ 432 53 2 32 2 -16ff2 5 = 0. 

It is a straightforward check that this equation is satisfied due to equations (|87[) and (|77p . The formula (|93p gives us 
a parameterization of the genus one (4, 5) curve (|80p in terms of Weierstrass p-function. 

In a similar manner one can get Weierstrass function parameterization of (n, n + 1) curves n — 5, 6, 7, . . . of genus 
one. 
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7 Stratum Si 2. Trigonal curve of genus two 

Now we will consider the stratum Si, 2 which corresponds to the set S = (—2, — 1, 0, 3, 4, . . . ). First and second order 
elements are absent and, hence, the positive order elements of the canonical basis are 



"" rrU 

fc=1 (95) 

00 rri v ' 

p i = z i + Ht i i( , + Ht 1 z + ^2^, 3 = 3,4,5,... . 



z 
fe=i 



In this case (p- 2 ) 2 , (p-i) 2 ^ (p»)»=— 2,-1,2,3,..., and, hence, only the elements of the positive order can be involved in 
the subset closed with respect to pointwise multiplication. 

Lemma 7.1 Laurent series f95d obey the equations 

Pn{z)p m (z) = ^2 C l nm pi(z), 71,771 = 0,3,4,5,... (96) 

(=0,3,4,... 

if and only if 

H fc ° = 0, fc = l,2,... (97) 

and 



rrm , rrn . \ V rrn rrm . rrm n" -> _i_ \ V rjn rjm . rrm tj" ■> 

-Hn+I + -"m+I + / A-"-»-"i+i + ri-iril+i) + /^K^i ■"(-»' + -"i ^!-i) 

j=l 8 = 1 

m + 2 m— 1 n + 2 n— 1 

— Trn + m . \ ■> rrn rrl . \ ■> rrn rrl . \ V rrm rri . \ V rrm rri . rrn . rrm /|,o\ 

— J3; + 2^1 H rn.-itLl + 2_^i H rn-itll + ^ ti n _ i ti l + ^ J^n-i til + rim + tl n (98J 

i=m+l i=3 i = n+l i=3 

+ H2 a H? a Ht + (H^H m 2 + ffl 2 H^)Hf + ^{H^H™ + H™H?)5?, n, m = 3, 4, 5, . . . . 

i=l 

TTie constants C\j have the form 

m+2 m— 1 n + 2 n — 1 

C nm =<5 n+m + 2^ Hm~i8i + 2_^ Hm-i&i + 2_^, Hn-idi + 2_^ H™_idi + H" 2 H™ 2 8 4 

i = m+l i = 3 i = n+l i = 3 

2 

+ (Hl 1 H^ a + H^ 2 H^)5 l 3 + (fl£ + H™)5 1 + ^{H^H? + H™H?)8 l , n, m = 3, 4, 5, . . . . 



(99) 



An analog of Proposition 15.21 is 

Proposition 7.2 The stratum Ei : 2 contains the subset Wi t2 of codimension 2 closed with respect to the pointwise 
multiplication W\, 2 {H) ■ Wi, 2 (H) C Wi t2 (H). Elements of W\, 2 are vector spaces with basis (pi)i with HI obeying 
the condition i98[ ). This subset is the infinite family of infinite-dimensional associative algebras Asj 2 with the basis 
(1,P3,P4,P5, . . . ) and the structure constants given by \99\} . 

Analysis of the equations (|96p . i.e. the equations 



p 3 2 =P6 + 2 H 3 _ 2 p 5 + (2 Hit + H 3 _ 2 ^ Pi + 2 H^H'^ps + 2 h!h 3 _ 2 + 2 HlHl x + 2 H 3 3 , 

P3P4 =P7 + H'Ups + (fll a + flli) p 5 + {Hl 2 Hi 2 + Hit) pa + {H! + H'UhU + Hl a Ht x ) p 3 
+ H a H_ a + H 1 H_ 1 + H_ 1 H 1 + H_ 2 H 2 + _ff 4 + 1/3, 



shows that Asj 2 for fixed i/^ is the polynomial algebra generate by four elements l,p3,pi,p$. 



(100) 
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Analogously to As 1 these generators are not free and obey certain constraints. Considering equations (|96|) with 
i + j = 8, i + j = 9, and i + j = 10, one gets the following constraints 

Cg =P3Ps - P4 2 - H 3 _ 2 p 3 p 4 - [H 3 _ 1 - 2 i?i 2 - H-2 ) P3 2 



IPs 



73 2 2 



- (#i 2 - 2 Ht x + 3 H 3 _ 2 H A _ 2 - 3 H 3 _ 2 H 3 _ 1 + 2 #i 2 3 ) 

- (#i 2 ff 5 _ 2 + ffii + #T - ^ 2 2 + Ht 2 Ht 2 - H : L 2 H 4 1 - 2 i^ 2 + H\ H 
+4 ffl 2 ^, + tfi 2 4 ) p 4 - {H'-xH'U + H'i 2 HU + Hi - 2 #! 4 - 2 fltiflla - Hi 2 #i 3 
+3Hl 2 H 3 _ 1 H 4 -. 2 ~ H't 2 2 H\ - 2 //i^ 2 + 2 ffi/tfii) p 3 

1 O fj"3 ZT^ ZT^ 1 ZJ"3 ZJ"3 ZJ"4 1 tj3 rr3 rr4 q tt-3 tt-3 rr4 tt-3 tt-3 tt-5 ttZ rrS 

-\- Z 11 —\-tl — 2 tl 2 -\- tl _ 2 11 4 11 _1 T" 11 _ 2 XI _i-Oi — OJJ_ 2 JJ 2 -fJ_ 2 — -H5 — 11 _l-tli — fl 2 ll _ 



2 



and 



rr3 rj-5 , rj-3 2 __4 __3 __3 __3 __4 __5 __4 __3 __5 __3 2 __3 __4 __4 

2H\h\ + 2H 3 X H 3 - 2 +2HlH 3 _i - \Ht 2 H\ -2H Z _ 2 H\ -AHt 2 HfHt 1 - 2 H z _ 2 H\hI_ x = 



Cg =P3P6 - P4P5 + ■ • • 

=P3 3 -P4 P5 -3H 3 _ 2 p 3 p 5 - (3irij - H 4 _ 2 )P3P4 - (H 3 _ 2 3 - Ht 2 - HU + H 3 _ 2 #1 2 ) Ps 2 

(Q lj3 I o T_r3 tlj3 ^ rr5 rj3 rj5 q tj4 tt-3 . rr4 ^ r> r_r3 4 , q rj-3 tj-4 

O ±±i ~\- O ll _ i II _2 — I7_ i — tl _itl _2 — £ tl —2*1 — 1 i tl _2 — Zil_2 T" ^ tl _^tl _ \ 

#i 2 ) ps + N 4 p4 + Nsp-i + N = 



-2H 3 _ 2 2 



and 



ClO =P5 - P4P6 + ■ 

=P5 2 -P4P3 2 +^ii_2P3 - I --H-2 - ^-H-l + tl-H-2 I /'./'.-, 



2 p 4 P3 2 + 2 j/i^ 3 - ( -ffi 2 - 2 # ii + 5 //i 2 2 



(2 Ht 2 + QHl 1 Hl 2 -Hi 1 - Ht 2 Hl 2 + H i 2 3 ) 



P3P4 



(101) 



(102) 



- (2 jffii - Ht x Ht 2 -2H'( + Hi 2 - Ht 2 H\ + HtzHt-i. + H 3 _ 2 - 2 H z _ 2 H h _ 2 \ p 3 2 (103) 

- {-Hi + H A _ 2 H\ - A Ht 2 H\ + % HlH 3 _ 2 - H b _ 2 H 3 _ 2 2 - H*_ 2 H A _ 2 - 5 Ht 2 H 3 _ Y H 3 



(104) 



2 — Z_0 2 

—2H_ 2 —2H_ 1 H_ 2 + H_ 2 H_ 2 — H_ 2 H_ 2 — H_ 1 H_ 1 + H_ 1 H_ 2 +3H_ 2 H_ 1 )p s 
+ B i p i + B :i p a + Bo = 
where the coefficients Ni and -Bi are given in Appendix [D] These three constraints are not independent since 

(p 3 + 2 Hti - Hi 2 - 2 H'i 2 a - 3 H'i 2 Ht 2 + 3 H'UH 3 _ 2 )C W 

+ (p 4 - 2 #i 2 p 3 + 2 /fij + 3 Hi 2 4 - 2 Hi - 2 J/ii 2 - 3 Ht 2 Ht x - 2 #1 2 2 + 6 Ht 2 H 3 _ Y 

+ 2 H'i 2 H r L 2 + 3 Ht 2 H 3 _ 2 - 2 H'UH 3 _ 2 2 )C 9 

+ (-p 5 + (-3 flli + Hi 2 )p 3 + (Hl 2 ff£ 2 + 3H 3 _ 2 H ! L 1 -3H'i 1 2 H 3 _ 2 + 2 H 3 _ 2 3 H 3 _ x 

— 2H_ 1 H J _ 2 + H_ 2 + H 4 — 3 H 2 + 5H_ 1 H_ 2 H_ 2 + H_ 2 H_ 2 + 2H_ 2 H_ 2 —H_ 1 H_ 2 

- H 3 _ 2 H\ - H 3 _ 2 Ht 2 - 3H{H 3 _ 2 + H^H^Cs = 0. 
There are infinitely many other constraints between P3,P4, and ps. Two of them are given by 

C10 =P3P7 - P4P6 + • • • = -2H'i 2 Ca + (2H'i 1 + Hl 2 )C s , 

Cn =p 3 p 8 - Pspe + • • • = 2 #i 2 Ci + (-2i/ij - jt! 2 2 ) c 9 . 

An important constraint is given by 
C\ 2 =PaP& - Ps 2 + ■ • • 

=jti = P4 3 - P3 4 + 4 H 3 _ 2 p 3Pi 2 + (-3 i?i 2 + 4 Hl x + 2 H 3 _ 2 2 ^ Ps 2 p 4 + (-3H 4 _ 1 -2 H 3 _ 2 Ht 2 ) p 3 3 (106) 

+ Q8P4 + QrPiP3 + QaP3 + QaPa + Q3P3 + Qo = 0. 
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(105) 



The coefficients Qi of this trigonal curve are given in Appendix [D] One has 

•Fm =(P4 + 3#i 2 p 3 + 2>Hl 1 Hl 2 2 +3 Hi- Hit - #£ 2 #_ 2 - 2#_ 2 #£ 1 + #- 2 2 - 2tfi 2 4 

, (107) 

+ 2Hl 2 Hti-2Hi 2 Hl 2 )C 8 + (-pz-2Hi 1 +3Hl 2 Hi 2 + 2Hl 2 + H s _ 2 - SHl^HljCv. 

i.e. J-34 belongs to the ideal {Cg,Cg). 

Constraints ()101l) . ()102[) and (|103|l show that any element of the algebra As t 2 can be represented in the form 

Pn = a n (p-i) + b n (p3)p4 +C„(p3)p5, n = 3,4,5,... (108) 

where a n ,b„, and c n are polynomials. 

This observation allows us to prove the following 

Proposition 7.3 Algebra As 1 2 with fixed HI is equivalent to the polynomial algebra C[p3,p4,ps]/{Cs,Cg,Ci_o). 

The proof is based on the 

Lemma 7.4 For any constraint 

/(p3,P4,P 5 )=0 (109) 

arising from the system of equations i96\) , the polynomials /(p3,P4,Ps) = belong to the ideal generated by Cs,Cg and 

ClQ. 

Proof The proof is similar to that of Lemma [5.3l Indeed we assume that / does not belongs to the ideal (Cs,Cg,Cio)- 
Hence 

f(P3,PA,Ps) - gs(P3,P4,P5)C 8 +(?9(P3,P4,P5)C 9 + QlO (P3, Pi, Pb)ClO + R{p3 , PA , Ps) (HO) 

where qs,qg,qio are some polynomials and R(p3,p4,ps) is not identically zero. Since 

R(P3,P4,Po) = /(P3,P4,P 5 ) (HI) 

the rest R(p3,p4,p$) has the form 

R{ P 3,P4,P 5 ) = A{p 3 ) + B{p 3 )p4 + C{p 3 )p 5 (112) 

where A, B and C are certain polynomials in P3. Our assumption due to (|1UHI103) is equivalent to the existence of 
nonzero A, B and C such that 

A{p 3 ) + B(P3)P4 + C(p 3 )p 5 = 0. (113) 

Since the numbers 3n,3m + 4, and 3/ + 5 for positive integers n, m, I never coincide, the count of gradation or power 
of Laurent series shows that the three terms in (|113p always have different degrees. Consequently equation (|113p has 
no nontrivial solutions. □ 

Similar to the previous section one can treat P3,p4,ps, . . . for given H\ and z as the local affine coordinates in Ei : 2- 
Thus one has 

Proposition 7.5 The stratum Ei ]2 contains an infinite family F^ of infinite- dimensional algebraic varieties defined 
by the quadrics 

m+2 m — 1 n + 2 n— 1 

fn m =Pn + m + ^ Hm-iPt + ^ H^_ t Pi + ^ H™_ t Pi + ^ H™__ t p t + H™ + #T 

i=m-\-l « = 3 i= n+1 i=Z ,, _ ,. 

(114) 
+ H n _ 2 H™ 2P 4 + (H^H™ 2 + ff_ 2 -ff_\)p 3 + J2(H^Hr + H^Hf) = 0, n, m = 3, 4, 5, . . . 

and varying with parameters H^ obeying the algebraic equation \98\ ). The prime ideal /(T^,) of F^ is generated by 
Cs,Cg,Cio and 

/4 =Pn- a n (p3) -b„(p 3 )p4- c n (p 3 )p 5 , n = 6, 7, 8, . . . . (115) 

Proof Proof is based on the equivalence of the set of equations (|96[1 to the equations 1)10111030 and ()108p . The 
constraint Cio = is necessary to guarantee the irreducibility of varieties. For the discussion of this point in the case 
of all//™ =0 see e.g. [56]- □ 

The family T^ of algebraic curves contains the plane trigonal curve given by the equation J-34 = 0. It has genus 
two. The family T^, includes also the plane (4, 5) curve C20 = J~W = 0. It is too complicated to be presented here. In 
the three dimensional space with coordinates P3,p4,ps equations (|10HI103]| define an irreducible algebraic curve V. It 
is the intersection of well-known surfaces. For instance, the surface defined by the equation Cio = is the celebrated 
Whitney umbrella (see e.g. [56]). On the other hand equation J-f 4 = defines the cylindrical surface generated by the 
trigonal curve. So, the curve F is the intersection of the Whitney umbrella surface (see e.g. [5]) and the cylindrical 
surfaces generated by the trigonal curve. So one expects that the curve F has genus two. 
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Proposition 7.6 Index(dw 12 ) ~ ~%- 

Proof S^ 2 = {-2, -1, 1, 2, 3, ... } and hence card{SV 1]2 - N} = and card{5^ 2 - N} = 2 D 
We note that similar to the first stratum for a generic curve T one has 

genus(F) + index(dw 1 a ) = 0. (116) 

Now let us consider the stratum E2 with S-z* = {—1, 0, 1, 3, . . . }. It has the codimension 3, i.e. one half of codim(Ei i 2). 
On the other hand a basis in E2 contains an element of the first order. Hence in E2 there is the canonical basis given 
by formulae (|95[) with HLi, i = 3, 4, 5, . . . . Thus, the results formulated above in Lemmas (|7.1[) . (|5.3[) and Propositions 
(JZ3I,(I73J) ((7311 with HLi - 0, i - 3,4,5,... are valid for the stratum Ej too. In contrast, codim(V^ 2 *) = 1 and 
index(9 W ' 9 *)= card(0)-card({— 2}) = — 1. 

8 Higher strata. Plane (n+l,n + 2) curves 

For the higher strata all calculations and formulas become much more involved. For the stratum Ei,2,3 with S = 
{—3, —2, — 1, 0, 4, 5, 6, . . . } the canonical basis have the form 



°° rrO 

Po^ + EtF' 



1 zri °° Tji 

k=-3 fc=l 



(117) 



,2,.. 



( 119 ) 



Again only the elements of positive order may be involved in Wi,2 

The Laurent series (|HTf) obey the analogue of equations (|96|) if H® = and HI, i = 4, 5, 6, . . . satisfy a system 
of quadratic equations analogue to (|98|l . As a consequence Ei,2,3 contains the subspace Wi,2,3 closed with respect 
to multiplication ^1,2,3 ■ Wl,2,3 C Wi,2,3- This subspace is the infinite dimensional algebra As t 2 3 with the basis 
(1,P4,P5,P6, ■ • • )• The algebra A^ 1 2 3 is generated by four elements p 4 ,p5,p@,p7. These elements are not free and obey 
several constraints. They can be obtained exactly in the same manner for Ei : 2- The corresponding expressions are 
pretty long. To give an idea of their form and number we will present them in the case when all HI = 0, i.e. pi = z l . 
Since piPj = Pi+j, i, j — 4, 5,6, . . . , the simplest constraints are 

ClO =P5 — PiPf,, Cn = p 5 P6 — P4P7, C12 —PQ— P4P7, Cl2 = P7P5 ~ Pi , 

2 2 2~22 ( 118 ) 

C13 = paP7 - Pa ps, Cn — P7 —Pa Pa, Cn = P7 — ps Pa- 
First three of the constraints (|118|l are independent. Others are not since 

P4C12 =£>4Cl2 +P6C*10 —psCn, 

P4C13 —P5C12 —peCu, 

P4C14 = — P7C11 + peCi2 = pe^Cio - (j>7 + psPc>)Cii + P4P6C12, 

C14 —C\A — P4C10. 

It is easy to show also that the constraints (|118[) imply that 

C20 = P4 5 - p 5 4 = 0. (120) 

Constraints (|118|l imply that the general element of the algebra As 1 2 3 in this case has the form 

Pk - A k (p 4 ) + B k {p4)p5 + Cfe(p 4 )p6 + D k (p 4 )p7 (121) 

where At, Bk,Ck, Dk are certain polynomials. This observation allows us to prove that for any constraint f(p4 ,p5,pa,p7) 
arising from the equations PiPj = Pi+j the polynomial /(p4,ps,p6,P7) belongs to the ideal generated by Cio,Cn, 
and C12. Indeed, since f(pA,PB,P6,Pr)\c 1 o=c 11 =c 12 =o = Mp±) + B(p 4 )p5 + C(p 4 )p6 + D(p 4 )p 7 with some polynomials 
A, B, C, D, the r.h.s. of this formula is identically zero, due to the fact that the integers An, 4m + 5, 41 + 6, 4fc + 7 are 
always distinct. 

So the algebra At. 123 {HI. = 0) is equivalent to the polynomial algebra C\p 4 ,p5,p6,P7]/{Cio, Cn, C12). Geometri- 
cally the subspace Wi,2,3 is the infinite family of the algebraic varieties with the (4, 5) curve (1120p in the basis. 

Taking into account these observations it is natural to conjecture that in general case HI 7^ one has similar results 
for the algebra As . and affine algebraic variety. 

In the general case one has 
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Proposition 8.1 Index(dw 1 2! )~ — 3. 

Proof S Wl , 2 , 3 - N = 0, % 3 -N = {-3, -2, -1}. □ 

This result suggests to conjecture that the curve J-45 and the basic curve F in the four dimensional space with the 
coordinates (p4,p 5 ,pQ,p- 7 ) defined by the equations C10 = Cu = C12 = have genus 3. 

For n-th stratum £1,2,. ..,n associated with the set S — {— n, —71 + 1, . . . , — 1, 0, n + 1, n + 2, . . . } the closed subspace 
Wi, 2 ,...,n (Wi,2,..., n ■ Wi,2,...,n C Wi,2,..., n ) has the basis (l,p n +i,p n+2 , . . .) with 

I °° rri 

Pi = * i + E ffi ^ h + E|r ( 122 ) 

fc=i fc=i 

and _ff] obeying the system of quadratic algebraic equations analogue to (|98p . Algebraically Wi t 2,...,n is the infinite 
family of infinite-dimensional algebra generated by n + 1 elements (jJn+i,JJn+2j ■ • • ,P2«+l) modulo n independent 
constraints 

C2n+4 ~Pn + lPn + 3 — Pn + 2 + • • • = 0, 
C2n + 5 =Pn + lPn + 4 - Pn + 2Pn + 3 H = 0, 

C3n + 3 =Pn + lP2n + 2 ~ Pn+2P2n+\ + • • • = 0. 

These constraints imply that any element of the algebra As x 2 n can be represented as 

2n + l 
Pn - Qn0(Pn + l) + ^ a n fc(p n +l)pt (124) 

fc=n + 2 

where a n k are certain polynomials. Geometrically Wi t 2,...,n is the infinite-dimensional algebraic varieties varying with 
parameters H 3 k (i = n + 1, n + 2, . . . , fc = 1, 2, . . . ). In the base of this family there is an algebraic curve in n + 1- 
dimensional subspace with coordinates (p n +l,Pn+2, ■ ■ ■ ,P2n+i) defined by n constraints mentioned above. An ideal of 
this curve contains the element 

-Fn + l.n + 2 = Pn+l ~ Pn+2 +•■• (125) 

which defines a (n + l, n + 2) curve in the two dimensional subspace with coordinates (p n +i , Pn+2) ■ 

These statements are easily provable in the trivial case when pi — z l . General case will be considered elsewhere. In 
general case one has 

Proposition 8.2 Index(dw 1 2 „) — — n - 

Proof is straightforward. 

This observation and results obtained in the previous section suggests to formulate the following 

Conjecture 8.3 The stratum £1,2,...,™ contains the subset Wi,2,...,n of codimension n closed with respect to pointwise 
multiplication. Algebraically Wi,2,...,n is the infinite family of polynomial algebras equivalent to the coordinate ring 

C\p n +l,Pn + 2,Pn+3y ■ ■ ■ ; P2n+l] /C2n+4 , C2n + 5, ■ ■ ■ C*3„ + 3 (126) 



with C2n+A, C2n+5, ■ • • C3„+3 given by \123\) . Geometrically Wi,2,...,n is the infinite family of algebraic curves with the 
basic algebraic curve V in the n+1- dimensional subspace with the local affine coordinates (p n +i, Pn+2, ■ ■ ■ , P2n+i) defined 

by equations \12!ft) . Wt,2 n at fixed H 3 k contains the plane (n + l,n + 2) curves given by the equation T%+\ tn +2 = 

of genus n. Curves V has genus n too. Moreover Index(dw 1 2 „) = — n - 

We will analyze this conjecture and we will study other Birkhoff strata in separate paper. 

9 Birkhoff strata for Gr^ 2 ) and hyper elliptic curves 

Universal Sato Grassmannian Gr contains various special Grassmannians. The most known and studied are Grass- 
mannians Gr'"' of all subspaces W of the space of formal Laurent series obeying the constraint z n ■ W C W [201 119| . 
For such Grassmannians Gr'™' the analysis similar to that performed in previous sections is simplified drastically. 
Here we consider the simplest case of the Grassmannian Gr' 2 '. The condition 

z 2 ■ W C W (127) 

imposes severe constraints on the elements pt of the basis and structure of Birkhoff strata. Birkhoff strata £s in Gr' 2 ' 
are associated with the sets S + 2 C S, i.e. all of them have the form 20, 19 



S m = {-m, -m + 2, -m + 4, . . . , m, m + 1, m + 2, . . . } (128) 
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with rn = 0,1,2, ... . The co-dimension of the stratum Eg m is equal to m( -™ +1 > , We, similar to the general case, consider 
only strata for which £ S m , i.e. the strata £s 2 „- In these cases 

S 2n = {~2n, -2n + 2, . . . , 0, 2, 4, . . . , 2n, 2n + 1, 2n + 2, . . . } (129) 

with n = 0,1,2, ... . So, the basis in the stratum £s 2 „ does not contain elements pi,P3, . . ■ ,p2n-\. 
For the big cell in Gr' 2 ' the canonical basis is given by (|10[) . One has 

Lemma 9.1 Laurent series U0\) obey the equations ill]) and condition \127^ iff 

H? n =0, i= 1,2,3, 



Hl^ 1 =0, n,m= 1,2, 3. 
and 

P2nP2m=P2(n + m ), 71,771 = 0,1,2,. 



(130) 



P2n+lP2m =P2(n + m) + l + ^J #2i+l P2(m-i)-l, 71, 771 = 0, 1, 2, . 

1 = 1 
n m 

P2n + lP2m + l =P2(n + m+l) + 2_^ H 2i + 1 P2m-i + ^ H 2i+\ P2n-i, 



(131) 



i.e. p 2n = z 2n , n = 0,1,2,3 

These properties are obviously those given in (|11[1 . (I14[1 under the reduction P2 = z 2 . Consequently, for the big cell Sq 
in Gr' 2 ^ one has reduced version of the Proposition 13.21 A version of the relation (|16l) is 

z 2 = Pl 2 ~2Hl, 

P3 =Pi 3 -ZHipi, 

4 4 ,10-12.. „l2 (132) 

Z =pi -AH X Pl + AH X , 

5 c o-l 3 . 15 u-1 2 

or equivalently 

A = pi 2 - 2i?i, P2n+i = On(A)pi (133) 

where X = z 2 and a n (X) = A n + $^fc=n A^ fe are certain polynomials. 
Proposition 9.2 TTie big cell contains an infinite family of normal rational curves associated with ideal 

7< 2) = (A-pi 2 + 2 J ff 1 1 ,/ 1 2) ,4 2) ,...) (134) 

where l n — p2n+i — ct n (X)pi. This family includes an infinite family of singular hyperelliptic curves of genus zero 
given by 

Q {2) = P 2n+i 2 -(\ + 2Hl)a 2 n {\) = 0, 71 = 1,2,3,.... (135) 

Proof Proof is the same as for the Proposition 13.31 Formula (|135|) is an immediate consequence of (I133[) . D 

For the first stratum E 2 the results formulated in Section [5] remain valid with the additional constraint p2 = z 2 . 
So one has P2n = (z 2 ) n and 

00 rr2n+l 
_ 2n + l 1 rr2n + l , \ ^ 2m + l i n o /io/^\ 

P2n + l=Z +-ff_l Z + 2_^ + 1 , 71=1,2,3,.... (136) 

m=l 

One also has 

P2n + 1 = /3n(A)p3, n = 2,3,... (137) 

where /3 n (X) are certain polynomials of order n — 1. As analog of Proposition 15. 51 one has 

(2) 

Proposition 9.3 The stratum £;, contains an infinite family of algebraic varieties associated with the ideal 

j(2) = (c (2) ) 4 2 >, 4 2 \.. .) (138) 

where 

Cf 5 = P^ - (A 3 + 2H 3 L 1 X 2 + (H'i 2 + 2# 3 ) A + 2#f + 2#i 1 I/ 1 3 ) (139) 

and 

4 2 n ) +i=P2n+i-/3„(A)p 3 , /3„(A)eC[A], n = 2,3,4,... . (140) 

(2) 

T/zis family contains the elliptic curve Cg = of genus one in the base and an infinite family of genus one hyperelliptic 
curves 

p 2 „+i 2 = /3 2 (A) (V + 2Hl iA 2 + ( H 3 _ 2 + 2H!) X + 2# 3 + 2^^!) , n = 2, 3,4, . . . . (141) 
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Proof Proof again is the same as the Proposition 15.51 while p41|) is a consequence of ()137p and ()139p . D 

(2) 

In the general case of the stratum ~E 2 n the positive order elements of the canonical basis are 

fe=i 

P2m =z 2m p , m = l,2, 3, ... (142) 

2n— 1 00 T7-2m+l 

2m+l . \~^ rr2m+l fc . V~* fc i 1 o 

P2m+i =2 ^+ 2^ #-fe 2 + Z^ fc — ' n,n + l,n + 2, ... . 



Lemma 9.4 Laurent series TTJM satisfy the equations 

Pi(«)Pi(*) = X) C *jP«(*) (143) 



iff 



and 



tf£=0, k = 1,2,3,... 

ffj" +1 =0, m = n,n+l,n + 2, ..., Z = -2n, -2n - 2, -2n - 4, 



V^ rr2i+l rr2j + l _ rr2(»+j+l) , V^ rr2i+l rr2(j-q) V~* 2 j + l rr2(i-q 

2^^ H 2a + l-" 2 (r-a) ~ ■ H 2r+1 "+" /-^ n 2q + l n 2r + l + £_J n 2q + i n 2r + l 



j2j + l u 2(i-q) 
q=—n—l q=—n—l 

r 2i+l rr2j + l u 2(s+q+l) 



Err2i + 1 rr2j + l rr2(s + q 
rl 2s+l Jrl 2q+l rl 2r+l 



(144) 



(145) 



(146) 



s,q= — n — 1 

s + 9 >l 

Proof Proof is based on the following relations 

P2jP2k =P2(j + k), 

fc-1 

P2jP2k + l =P2(j + k) + l + 2_^ H 2 3 s+1 p 2 (k-s)-l, 
s= — n 

j k 

V^ 0-2J+1 , V~^ Tj2k+1 

P2j + lP2k + l =P2(j + fc + l) + 2^ H 2s+lV2(i-s) + 2_^ H 2s+lP2{k-s) 

s = — n s= — n 

-1 -1 -1 -s-1 

+ 2^ E #2f+l#2r + lP-2(s + r+l) + 2_^ Z-l ^2^+1 H 2 r + lP-2(s + r + l) 

s= — nr= — n s = — n r — 

-1 -r-1 
+ 2^ /!> H 2 3 s + 1 H 2r + 1 p_ 2 (s + r+l) 

In particular these relations imply that p2m — P2 m and 

P2m+i = a m (X)p 2 „ + i, n + l,n + 2, n + 3, ... (147) 

where Q m (A) are certain polynomials of order m — n. □ 
Consequently one has 

Proposition 9.5 TTie stratum Ej n contains the subset W 2n closed with respect to pointwise multiplications W 2n (H) ■ 
W 2n (H) C W 2n (H). Elements of W 2n are vector spaces with basis (A, A 2 , . . . ,P2n+i,P2n+3, ■ ■ ■ )i with parameters 
H^m+i }j e yi n g fag conditions \144\ ) an d [14ty - 

(2) 

Proposition 9.6 The subset W 2n is the infinite family of infinite- dimensional associative algebra A i 2) with the basis 
z 2n (n = 0, 1, 2, . . . ), P2n+i,P2n+3, ■ ■ ■ and A^ 2 ) — C[z 2 ,p 2n +i]/ G 2 2) 2n where 

2n 

Q { 2\ = P2„+l 2 - A 2 " +1 - J2 ^^ ( 148 ) 

m=0 

with A = z 2 and u m are certain polynomials in -ff^fc+i' ^ = ~ n ' ~ n + 1, • • • , 0, 1, 2, . . . . 

21 



Proof Proof is based on the relation (|147p . The relation (|148p follows from (|146p at i = j — n, P2n+i 2 = P2(2n+i) + 
U2nP2(2n) + The fact that all other constraints 

21 + 1 

P21+1 2 = J2 VkXk ' l = n + l,n + 2,... (149) 

fc=0 

are satisfied due to the constraint (|148p is the consequence of divisibility of all polynomials Ysk=o v k^ k given in (|149p 
by the polynomial X/fc=o u k^ k given in (|148[1 namely 

21+1 2n + l 

J2^\ k =a l 2 (\) J^^- ( 15 °) 

fc=0 fc=0 

D 

Interpreting z, p2n+l,P2n+3, ... as the local afhne coordinates one has 

Proposition 9.7 The subset W^ n is an infinite family YoJ of algebraic varieties corresponding to the ideal I^ 2 ' 
generated by G 2 in an ^ *m = P2m+i — ct m (X)p2„+i, m — n + 1, n + 2, . . . . It contains the hyperelliptic curve \14<ty of 
genus n in the base and an infinite tower of hyperelliptic curves given by \l<j9ty of orders 2(n + 1) + 1, 2(n + 2) + 1, . . . 
and genus n. CodimiW^ n) — n and Indexed (2) ) = — n. 

Proof The hyperelliptic curves given by (|149[l have genus n due to (|150f) . Due to (|129l) S^ — { — 2n + 1, —2n + 

3, . . . , -3, -1, . . . , 2n + 1, 2n + 2, . . . } and Index(d (2) ) =card(0)-card({-2n + 1, -In + 3, . . . , -3, -1}) = -n. □ 

^2 n 

Part of the results presented here were obtained earlier in a different way in the paper [45] . 

Thus, the stratum £2™ is characterized by the presence of families of plane hyperelliptic curves C2n+i of genus n in 
the closed subset W2n- This is due to the presence of n gaps (elements Pi(z), P3{z), . . . , p2n-i(z)) in the basis of W2n- 
The fact that for hyperelliptic curves (Riemann surfaces) of genus n one has n (Weierstrass) gaps in a generic point 
is well known in the theory of abelian functions (see e.g. 58 ). Probably not that known observation is that these 
gaps and consequently the properties of corresponding algebraic curves are prescribed by the structure of the Birkhoff 
strata £2™ in Gr*- 2 \ 

Stratification of Grassmannians Gr' n ' and associated algebraic varieties and curves will be studied elsewhere. 

10 Resolution of singularities and transitions between strata 

In the previous section it was shown that each Birkhoff strata contains infinite towers of families of algebraic curves. 
Generically these curves are regular. On the other hand it was also noted that the projection of these regular curves on 
the lower dimensional subspaces in the same stratum are represented by the higher order singular curves which appear 
in the higher strata as regular curve. This observation clearly indicates that there is intimate interconnection between 
the curves of the same type in different strata. It suggests also to adopt wider approach in analyzing the possible 
mechanisms of resolution of singularities of such curves. 

Let us begin with the simplest example of the twisted cubic in the big cell defined by the equations 



J 2Hl, 



Q2 =gi 

q 2 —qi — 3Hi <ji - 3H 2 ■ 



(151) 



To avoid confusion we denote here the coordinate in £0 by (91,92,93). Its general projection on the two dimensional 
subspace £ with coordinates (fa, £3) is given by the plane cubic 
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to + |afo + 3Jffj + |tfia + ia 8 + ij9a) = (fa + 2 Hi + i a 2 J (fa - #1 + $ + a 2 ) 2 (152) 



The nodal cubic (|152p has polynomial parameterization 

fa =fa + ctk\ — 2H 1 , 
k 3 =ki 3 + (l3-3Hl)ki-3Hl 



(153) 



It has ordinary double point at fa = Hi — f3 — a 2 , fa = —3 H 2 — 3Hla + a A + /3 a and zero genus. 

A standard way to resolve this singularity is to blow-up it by quadratic transformation (see e.g. [57] )• For 
simplicity we will consider the case a — P — 0. An appropriate quadratic transformation in this case is of the form 

k 3 = k(k2-Hl)-3H%. (154) 
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In virtue of equation (|152p with a — /3 = the new variable k obeys also the equation 

k 2 - (fc a + 2Hl) = 0. (155) 

The system of equations (|154l) and (|155p defines the curve in the three-dimensional space (k,k 2 ,k 3 ). This system is 
equivalent to the system 



k2-H\ =k 2 -3Hl, 
ks + 3Hl =fe 3 - 3Hlk. 



(156) 



So two points ( 3^/H\, Hi, —3H 2 ) and ( —3\/H\, H\, —3H 2 \ on the three dimensional curve defined by (|156l) corre- 
spond to the ordinary double point (H±, — 3H 2 ) of the plane curve (|152[l . Moreover, comparing (|156|) and (|15ip . one 
concludes that the three dimensional curve is nothing but the twisted cubic (|151[) . Twisted cubic is regular. So the 
transformation (|154[) represents a resolution of singularity (blowing-up) of the curve (|152[) . This observation is very 
natural and almost trivial, since the curve (|152p . has been obtained as the projection of the original twisted cubic. 

Important features of such regularization is that the regularized curve (|152[) is the curve in three-dimensional space. 
It belongs to the same stratum E and the genus of the regularized curve remains to be zero. 

The presence of the elliptic curve (|60|l in the first stratum Ei indicates the existence of a different regularization 
procedure. Generically the curve (|60p has genus one and p 2 ,pz are full Laurent series ()47|) with HI obeying to the 
constraints (|50|) . An important property of these constraints is that the system ([50} does not have reductions for which 
H 3 m — for m > n. It is a well known fact for the Weierstrass reduction (|85l) . So p 2 and p$ are either full Laurent 
series or polynomials p 2 = z 2 + H 2 _\Z, p% = z 3 + H 3 _ 1 z. In the latter case the cubic curve (|60|) is singular and has the 
form 

PA + ^H\p 2 + ^H\H\+ 1 -H\^ -( K p 2 + 1 -Hl 1 2 ^{p 2 + H\+H\ 2 ) 2 ^Q. (157) 

Now let us compare singular curves ()157f) and (|152[) . Taking into account (|153p . one readily concludes that they 
represent the same curve with correspondence 

aotfix, - 3Hl ■& Hl u pi<*z, P 2^k 2 + 2Hl, p 3 -B- fe + 3# 2 \ (158) 



So, the boundary form of the elliptic curve (|60p on the boundary A01 between strata Ei and E coincides with the 
projection of the twisted cubic (|15ip on this boundary from the side of E . 

This observation suggests the following mechanism for transition between the subspaces W& and W\ of the strata 
E0 and Ei. Inside W& one has the twisted cubic (|15ip . Its form on boundary A01 from the side of E is given by the 
nodal cubic (|152[) . It coincides (under the identification with the boundary form (|157p ) with the elliptic curve (|60|) . In 
order to move inside Ei the polynomials (|153f) should become the Laurent series 



(159) 



k 2 + 2H{ ->ki a + o*i + JT |%, 



1 fel ' 

n — 1 



00 H 3 
k 3 + 3Hl ^fcx 3 + {13- 3H\) k 1 + Y / T J k: 



1 fcl ' 

n — 1 

where HJ and H 3 should obey the constraints l|50p . We emphasize that in the transition W0 — > W\ the variable 
fci = p\ in E becomes the formal variable z in Ei . 

The transition from the elliptic curve (|60f) to the twisted cubic in E is just the inverse process. The boundary 
form (|157|l of the elliptic genus one curve (|60|1 on A01 from the side of Ei is obtained by cutting the Laurent tails of 
p 2 and P3. Passing to E one has the curve (1152fl . Then blowing-up the singularity, one gets the twisted cubic. 

In such a transition mechanism both generic curves in the strata E and Ei, i.e. the twisted cubic (|15ip and elliptic 
curve (|60p are regular, but have different genus. This mechanism provides us with the method of regularization of the 
nodal cubic (|157p by instantaneous growing-up the full Laurent tail according to (|159[1 . 

This mechanism is valid also for the transition between entire infinite- dimensional W and W\. 

Now let us consider the quintic (133|l . It has two ordinary double points. Complete resolution of these singularities 
without changing the genus (zero) is performed by quadratic transformations in two steps. In the final form it is given 
by the first four equations (|16p and the fifth order Veronese curve in the space with coodinates (pi,p2,P3,P4,P5) is the 
corresponding regularized curve. 

The regularization of the quintic (|33[1 by increasing genus to one is provided by the transition to the quintic (|75p 
via the procedure of rising the Laurent tail of the type (|159p . Cutting the Laurent tail one passes from the stratum 
Ei to E . 

Similar procedure of resolution of singularities take place for trigonal curve (|3ip and (4, 5) curve (|34[1 . In the big 
cell their genus one regularized version are given by the curves ([77} and (I80|l , 
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Singularities of trigonal curve (|77f) in the first stratum can be resolved again in two ways . The first way consists 
in performing quadratic transformations from p4 to the new variable P2 defined by 

p 4 = p 2 2 - 2Hl lP3 - H\ 2 V2 - 2H\H\ - IHl. (160) 

The corresponding regularized curve in the three dimensional space (p2,y>3,?>4) is the genus one curve which is the 
intersection of the cylindrical surfaces generated by the elliptic curve (|60|l and the surface defined by equation (I160|l . 
Second regularization is provided by the transition from the curve (|77| to the genus two trigonal curve (|106|l in the 
stratum Ei^- 

Analogous mechanism of resolution of singularities take place for other algebraic curves in Sato Grassmannian. It 
has a particular simple form for the Grassmannian Gr"^ . In the big cell Eg, the blowing-up of singular hyperelliptic 
curves (I135|l is performed by the series of quadratic transformations in the same way as that described above for the 
general big cell E . 

As far as the regularization with the change of genus is concerned we again consider general projections of the 
normal rational curves (|135jl on the two dimensional subspaces with coordinates (p2,P2n+i)- For the twisted cubic it 
is given by equation (|152[) with H2 = and has the polynomial parameterization (|153[) . Comparing the curve (|152p 
with the elliptic curve (|139|l in Ei, , we observe that the regularization of the curve (1152p is achieved by the procedure 
of the instant growing-up of the full Laurent tail given by 

2-2 ,2 

Z — >Z = K\ , 



7 , t 1 ) ~3 1 to QU"1\~ 1 V^ H'2n + 1 (161) 



1 2n + l 
g2n + l 
n = l 



where fffn+l should obey constaints (|145|) . So again fci(f>i) from Eg, becomes formal parameter in Laurent series in 
Ej . An inverse process of degeneration of the elliptic curve (|139p consists in cutting-down the Laurent tail for P2, 
(i.e. putting Ufn+i = 0, n = 1, 2, 3, ...). In such a procedure higher order singular hyperelliptic curves (|135p from 
Eq become genus one singular hyperelliptic curves (|141[l from E 



2 

(0) 



In order to regularize the curves (|135[) for any n completely one applies the growing-up mechanism to p 2 n+i f rom 



(2) 

Eg, . Namely, by the substitution 



Pi -t-z 

(0) , -2n+l . V^ 

P2u+1 ^P2n+1 = Z + ^ 



(0) ^^_ _ _ -2n+l j_ Y^ JJ 2i+ 

£21 + 1 
k=—n+l 



mr + v (162) 



one transforms genus zero curve (|135[) into genus n hyperelliptic curve (|148 



11 Tangent cohomology of varieties Wi t 2,...,n an d systems of inte- 
grable quasilinear PDEs 

Subspaces Wi,2,...,n described in the previous sections are infinite-dimensional algebraic varieties defined by the set of 
polynomial equations for pi, i G Si,2,,.., n an d components H] of the structure constants. In compact form all these 
equations are given by 

PjPk - 5Z C J kPl = ' ( 163 ) 

I 

E ( C UCL - C l mk Cl) = 0, 3, k,m,pe Si,2,...,n (164) 



where, for given Wi,2,...,n, C] fe have the corresponding parameterization by H 3 k . One can treat pt and Hj as the local 
afline coordinates in the infinite-dimensional space Ly^i 2 n • 

A standard method to analyze local properties of the varieties defined by equations (|163I164|I is to deal with their 
tangent bundle TV ([I]-1S])- Let us denote by in and A\ k the elements of Tw in a point. They are denned, as usual, 
by the system of linear equations 

KjPk + pjir h - ^2 A'jkPi - 5Z C i fc ' r ' = °' ( 165 ) 

i i 

J2 U%Cf m + C l jk Af m - A l mk Cf- - C l m uA%) = 0, 3, k,m,pe S iA ..., n . (166) 
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In more general setting these equations define also a Wi^,... ^-module E. 

Equations (|165[) and (|166[) imply certain cohomological properties of the variety VFi, 2,. ..,«.- Indeed, if one introduces 
the bilinear map lp(ct, /3) with a, j3 £ Wi,2,...,n defined by (see e.g. [2]) 

iP(p l ,P J ) = J2 Al JkPi, (167) 

i 

then equations (|166|l become 

oeip(p, 7) - ip{a(3, 7) + ip(a, 13-y) - 7^(0, /3) = (168) 

where a, /3,-y £ Wi,2,...,n- Bilinear maps of such type are called Hochschild 2— cocycles [5S]. So, the tangent bundle to 
the variety of the structure constants CL is isomorphic to the linear space of the 2— cocycles on Wi,2,...,n (see e.g. [2]). 
Equations ()165p gives us an additional information about the 2— cocycle ij>(a,f3). Introducing a linear map g(a) 
defined by g(pi) = iti, one rewrites equation ()165[) as 

iK<x,0) = ag(fi)+l3g(a)-g(ap) (169) 

with a,P G Wifl n - Thus 

iKa,0) = 6g{a,0) (170) 

where S is the Hochschild coboundary operation. Hence, ip(a, /3) is a 2— coboundary and one has 

Proposition 11.1 The tangent bundle of the variety Wi,2,...,n is isomorphic to the linear space of 2— coboundaries 
and Harrison's cohomology modules H 2 (Wi : 2,...,n,E) and H 3 (Wi : 2,...,n, E) vanish. 

This statement is essentially the reformulation for the subspaces Wi : 2,...,n of the well-known results concerning the 
cohomology of commutative associative algebras (see e.g. j60,-[70]). In particular the existence of the 2— cocycle and 
H 2 (Wi,2,...,n, E) = is sufficient condition for the regularity of the point at which it is calculated (see e.g. [6U|-[62|~). 

The above results are valid for general commutative associative algebra and corresponding W. For the Birkhoff 
strata the structure constants C l j k have a special structure being parameterized by H 3 k . Consequently A* k are also 
parameterized by Aj k , i.e. by images of Hi in the map W —¥ E, and equations (|164[) becomes linear equations (|166[) 
for Ajfc. Being the elements of E (in particular, the tangent space in a point) Ay admit a natural Ansatz 



where Uh is a set of independent coordinates for the variety defined by the associativity condition (|164|) and Xj is a 
set of new independent parameters. Under the Ansatz (|171[) equations (|166[1 take the form of quasilinear PDEs for m. 
Solutions of these system provide us with the particular 2— cocycles and, hence, 2— coboundaries associated with the 
subspaces Wi t 2,...,n- 

These systems of quasilinear PDEs are very special. Let us consider the subspace W0 in the bigcell. Since in this 
case C l j k — 6j +k + Hj_ t + H 3 k _[ one has A kj = Ak,j-i + Aj^-i and the system (|166|l is 



J — 1 fc — 1 ra— 1 

Aj+ k , m + I — Aj. m +fe + 2_^Hj-iAim + / _, H h _ l Ai m — 2_^ H„ 

1-1 1=1 !=1 



-i^ii 



/ 3-1 fe-l 771-1 \ 

+ -A k , m+j + Y^ A*_,iTj m + Y, A i-i H im - J2 A ™-i H H = °- 
\ 1=1 1=1 1=1 I 



(172) 



This system implies 



kA lk - iA kl = 0. (173) 



Let us choose Hi as the variables u k . 
Proposition 11.2 Under the Ansatz 



Aifc = fj' *.* = 1.2,3,... . (174) 

the system \173fy coincides with the dKP hierarchy. 
Proof For j — 1, k — 2, m — 1 the system (fT72J> is 

A31 - A13 - A 22 + 2HlAu = (175) 

while the relations (|173|) at i = 1, k — 2 and i — 1, k = 3 are 

2Ai2-A 2 i=0, 3Ai3-A 3 i=0. (176) 
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The ansatz (|174p gives 



3 
dx 3 Ui — -d X2 U2 + 3uid xi ui — 0, 

2d xl U2 — d X2 u! — 0. 



It is the celebrated dKP (Khokhlov-Zaboloskaya) equations (see e.g. |71]-|76|.[51j). The higher equations (|172p . (|173[) 
give rise to the higher dKP equations under the ansatz (|174[) . □ 
As an immediate consequence of the Proposition 111.21 one has 

Proposition 11.3 Solutions of the dKP hierarchy provide us with the class of 2— cocycles and 2— coboundaries defined 
by 



for the subspace Wes in the big cell. 

We will refer to such 2— coboundaries as dKP 2— coboundaries. These dKP 2— coboundaries describe local properties 
of the family of normal rational curves discussed in section [3] 

In terms of the dKP tau- function F defined by (see e.g. [75U51] 1 



Uk = Hl = -\^k (179) 

the whole dKP hierarchy is represented by the celebrated dispersionless Hirota-Miwa equations (see e.g. [75].[51|) 

r i-\-k,m I ! 7~ -F i.k+m T" ~. ! ^ k,i-\-m ~T~ / T~, 77" * kA — l" I rn 

m m + k i + m i — J m(i — I) 

i=1 (180) 

fc-l 1 m-l v ' 

+ / Ti ^Fi,k-lFl m — y —. 7\Fk ,m~lFiJ = 

'-^ m(k — /) *—i i(m — () 

where Fi^ stands for the second-order derivative of F with respect to Xi and Xk- So any solution F of the system (|180[) 
provides us with the dKP 2— cocycles (and 2— coboundaries) given by 

sr^( 1 d2 1 d 2 \ dF /ioi , 

^,p k ) = ~ E {— l 9^- l + —dx-h^-J flte»- (181) 



This formula shows that the choice (|17ip corresponds to a simple realization of the map Wei — ¥ E, namely, F 



dx 



or H I -;• -^ 

k dxi 



It is evident that all above expressions are well defined only for bounded -t^. When -^- — > oo the formulas 



dxf. ' Ox 

2 I 



presented above break down and H (W, E) ^ 0. 

For the dKP hierarchy the points where -^- — » oo are the, so-called, breaking points (or points of gradient 
catastrophe). Such points form the singular sector of the space of solutions of the dKP hierarchy. In this sector the 
space of variables xi,Xa,... is stratified and such stratification is closely connected with the Birkhoff stratification. 
For Burgers-Hopf hierarchy (2— reduction of the dKP hierarchy) and the Grassmannian Gr' 2 ' such situation has been 
analyzed in [45] . 

We are confident that similar results hold for other strata too. 

12 Families of curves, Poisson ideals and coisotropic deformations 

Families of curves, algebraic varieties and families of their ideals considered above can be viewed also as imbedded in 
larger spaces with certain specific properties, for instance, as the coisotropic submanifolds of Poisson manifolds and 
Poisson ideals, respectively. Recall that a submanifold in the Poisson manifold equipped with the Poisson bracket { , } 
is a coisotropic submanifold if its ideal I is the Poisson ideal (see e.g [77]), i.e. 

{1,1} C I. (182) 

Relevance of Poisson ideals in the study of (quantum) cohomology of manifolds was observed in the paper [78] . Theory 
of coisotropic deformations of commutative associative algebras based on the property (|182[) has been proposed in [51] . 
An extension of this theory to general algebraic varieties was given in [79] . 
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Thus let us consider an infinite-dimensional Poisson manifold P with local coordinates q\, 92, 93, • ■ • , Vi, V2, Vz, ■ ■ ■ 
endowed with the Poisson bracket defined by the relations 

{<7i,gfc} = 0, {y;,y fe } = 0, {yi,q k } = Jki, i,k = 1,2, 3, ... (183) 

where Jki are certain functions of p and y. This choice of the Poisson structure is suggested by the roles that the 
variables pi and yk play in our construction. Jacobi identities for the Poisson structures (|183p are given by the system 



/ J Jl S dy s Jkj — 2_^ Jksdy 3 Jlj = 0, 
3 S 

/ Jsjdq s Jlk — / Jskdq s Jlj — 0. 



(184) 



Then, we consider ideals I(Poo) of the families of algebraic varieties in Wi,2,...,n discussed in sections 13191 as ideals in 
P and require that they are Poisson ideals, i.e. 

{X(r 00 ),x(r 00 )}cx(r 00 ). (185) 

The property (|185[) means, in particular, that the Hamiltonian vector fields generated by each member of X(roo) are 
tangent to the coisotropic submanifold with the ideal X(Too). 

The crucial question now is whether a Poisson structure exists such ideals X(Poo) obey (|185p . Let us begin with 
the big cell. For the subspace W® the answer is given by 

Proposition 12.1 The family of ideals /(Poo) of the family of normal rational curves in the big cell represents the 
Poisson ideal in the Poisson manifold endowed with the Poisson brackets H83\) with Jik obeying the constraints 



(Ji h-i - Jh i-ijkoo = i,k -2,3,4,... . (186) 

Proof To prove (|185[) it is sufficient to show that for the elements h n of the basis of /(Poo) one has {h„, h m } C I (Too). 
The local coordinates p„ = P n (—pi, — \p2, —\pz, ■ ■ ■ ), n = 2, 3, 4, . . . and u n = H^ and canonical basis h2,h%, h%, . . . , 
given by (|23[) . i.e. h* n = p* — u„_i, n — 2,3,4, ... are the most convenient for this purpose. In these coodinates one 
has the identity 

{hniKn} — J* m _! - Jm „_r, 71, 171 = 2, 3, 4, . . . (187) 

where J^ m denotes the Poisson tensor in these coordinates. So the conditions {h n , h m } C /(Poo) is satisfied if and only 
if the conditions (|186p are valid. □ 

On Too one has p 1 ^ = it n -i, n — 2, 3, 4, ... and, hence, 

J<*|r 00 =a«(«) + j8(*(tt)ri, i,k = 1,2,3... (188) 

where a^ and ftik are functions of Uk only. Since pi £ /(Poo) the conditions (|186[) are equivalent to 

OLi h-\ — O-k i-l, fii k-l — fih i-l, i, k = 1,2, 3, . . . . (189) 



The property (|188fl indicates that Poisson tensors J ik linear in the variables pi could be of particular relevance. Thus 
let us consider the following class of tensors J* k 

Jlk - - J~] —Jmk{u)pt- m (190) 

m 

where J m k(u) depend only on the variables u\, U2, «3, . . . • The conditions (|186|) or (|188|) are equivalent to the following 

<Jmn Jnm — U, 

771 71 

l l m-2 t n-2 l (191) 

Jm n — 1 Jn m—1 ~r / ~rU Tn — k — l'Jk n— 1 / ~rU n — k — l'Jk m — 1 — t», 7i, 7?Ty — X, Z, o, . . . . 

771 71 *— ' fc *— ' fc 

fc = l fe=l 

Using the well-known property of Schur's polynomials, i.e. d Pk P n (p) — P n -k{p) which implies that <9 Pi fa = i X];=i PH-id P *h, 
one easily concludes that the Poisson structure (|183|) with J* k of the form (|190p in the coordinates pi , p%, . . . ; «i , U2, • • • 
has the form 

{p l ,p fe } = 0, {ui,u k } = 0, {7i»,Pfc} = Jki{u), i, k — 1, 2, 3, ... . (192) 

Observation 12.2 TTie system $191]) is equivalent to the system \172\) modulo the associativity conditions \13\) and 
J n m — A nm . So there is a strong interrelation between cohomological and Poisson structures associated with the 
subspace Wet in the big cell. 
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This fact has been checked by computer calculations up to n,m — 11. We do not have formal proof of this statement. 
Note that due to the properties of the Schur polynomials the Poisson tensor (|192[) is of the form 



j«* = X)-W u ))r*"- ( 193 ) 



A subclass of the Poisson tensors (|193[1 for which J m k(u) — -5^—, i.e. 

J^El^f^ i,fc = l,2,3,... (194) 

/L - 1 Opm OXm 
m 

where xi,Xz,Xz,.. . are new coordinates on A4, is of particular interest. First in the coordinate Xi, Pi the Poisson 
structures (1 18311 .fl92l take the form 



{pi,p k } = 0, {x l ,x k } = 0, {Xi,pk} — 6ki, i,k — 1,2,3,... . (195) 

i.e., the coordinates pi,Xi, i — 1, 2, 3, ... are the Darboux coordinates in M. Second, the Jacobi conditions (|184|l are 

du 
dx 



identically satisfied for the Ansatz Jik(u) = -rp 2 - while the algebraic constraints (|191[) become the system of quasilinear 



equations 

1 du n 1 du„ 



m dx m n dx„ 



0. 



1 du n ^i 1 9m,,„i v—v 1 du n -i v-^ 1 du 



1^1 0Un-l V^ 1 



(196) 



x m n OX m f— ' K OX k f— ' fe 01fc 



Un-h-i— a = 0, n,m — 1,2,3,. 



fc=i 



This system of equations coincides with that derived in 52 in a different manner. It was shown in 52 that the system 
(I196|) is equivalent to the dKP hierarchy. This fact provide us with an alternative proof of the Proposition 111.21 

Thus we have 
Observation 12.3 In the Darboux coordinates the system of equations \19ty) , \191\) characterizing the Poisson struc- 
ture for the family of ideals /(Poo) is equivalent to the dKP hierarchy with X\,X2, £3, . . • and ui, U2,u$, . . . playing the 
role of independent and dependent variables, respectively. 

The sets of variables (p^,Uk) and (p1,Xk) play the dual roles in the description of the families of ideals /(Poo)- 
The former are canonical from the algebraic viewpoint while the latter are canonical within the interpretation of the 
family of ideals I (T 00) as Poisson ideal. In virtue of the formulas l!191p , (T94\ ) the connection between these two sets of 
variables is provided by solutions of the dKP hierarchy. 

This observation points out the deep interrelation between the theory of Poisson ideals for the families of algebraic curves 
in Sato Grassmannian and theory of integrable hierarchies and the role of Darboux coordinates in such interconnection. 
The Darboux coordinates has been used in !51 a within the study of coisotropic deformations of the relations 
(|163I164|I viewed as equations defining structure constants of associative algebras. It was shown in |51| that for 
infinite-dimensional polynomial algebra in the Faa di Bruno basis for which structure constants C] fe are given by (|14[) 
the coisotropy condition (JTSSJ is equivalent to the associativity conditions (|13[1 plus the exactness conditions 

^ = ^, i,l,n= 1,2,3,... . (197) 

These conditions together with the algebraic relations nH l n — iH™ imply the existence of a function F such that [51] 

1 d 2 F 

H ™ = --A^— ' ( 198 ) 

With such a form of H k the associativity conditions (|13jl are equivalent to the celebrated Hirota-Miwa bilinear equations 
(fT80)l . 

This result indicates one more time the importance of the Darboux coordinates in the whole our approach. The 
detailed analysis of the Poisson structures for ideals of the families of algebraic curves in Birkhoff strata and their 
connection with the hierarchy of integrable equations will be given in the forthcoming paper. 

Here we will present only few illustrative examples . In the stratum Si one has the ideal 

/(rL)^-^,^ 1 ^ 1 ',...} (199) 

where T23 and h„ are given by (|60[l and (|7U[I . The requirement that the family of ideals (|199p is a Poisson ideal 
gives rise to an infinite hierarchy of systems of PDEs. The simplest of them which is equivalent to the condition 
{ J- 23 , h± } =0 with the canonical Poisson bracket and 



iri 



•^23 =P'i ~P2 - L14.P2P3 - WiP2 - M2P3 - M2P2 - ^0, 
n\ =Pi —P2~ V2P3 — V\p2 - Vo 
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is given by (see also |79| ) 

dfj.4 _ 2 9 . . 5 2^4 4 9/m „9/i2 4 9/i3 4 9/i4 9 _1 9/i4 8 9 _1 9 2 /i4 

9^4 3 9^2 9 9x2 9 9x 3 9x 2 3 9x 3 9 9x 2 9x 2 9x 3 9 9x 2 9x 3 2 ' 

9/i 3 2 9/u 4 , dfi 3 9/ii 9i; „ dvi 2 9/z 3 9^i 4 9ju 4 

"3 — = - qA*4M3-s hui^ h2- 3- 2^3-5 h oM4-^ M4~ h r A*3^ — , 

9x4 3 9x2 9x2 9x2 9x2 9x2 3 9x3 9x3 3 9x3 

9/^2 __ 2 dju , 2 £Ho i ^Ma ^uo _ 2 9^4 2 9/x 2 2 9/m ^oi) 

9x4 3 9x2 9x3 9x2 9x2 3 9x2 3 9x3 3 9x3 ' 

9ui 2 9/m _ 9/io 9/ii 9iio 9«i 2 9/ii dvo dv\ 4 9/i4 

a — - ~ q^ 4 ^ 1 "^ h2 ^ ht;i "» 2 ^ 3 » ^ 1_ » !" q^ 4 ^ ^ 4 ^ ^ 2 « !" oAia — > 

9X4 3 9X2 9X2 9X2 9X2 9X2 3 9X3 9X3 9X3 3 9X3 

9i*o 9uo 9no 2 9uo 9t>o 2 9/i4 4 9u4 

9x 4 9x2 9x2 3 9x 3 9x 3 3 9x 2 3 9x 3 

where vi = |/i3 — |/i4 + § §§- -gf 4 and no is associated with a gauge freedom of the system. 

For the stratum Ei : 2 the coisotropy condition (I185[) is given by pretty large system of equations. For example the 
condition 

{Cg,C 9 }] 2 =0 (202) 

with the Poisson bracket in the Darboux coordinates (ps,p4,p5, . . . , X3, X4, X5, . . . ) and cyclic variable X3, is equivalent 
to the system 

d Xi Hf = d X5 Hf, i = 1, 2, 4, 5 (203) 

where 

Hi =3U X4 U X5 V X4 -2U X4 V X4 2 - H%U X4 -2U X4 2 V X5 - XJ X4 XJ X 2 + U X4 4 - HtU X5 + V x 2 + V Xi Ht, 
H? =1H\V X4 -6U X5 V X4 2 + 5V X4 U X5 2 - | V X4 U X 3 -2U xr H\ + | U X5 U X4 3 - H?V X5 

+ SV X4 U X4 V X& -2U X5 U X4 V X5 + 1 V X4 3 ~ ~ U X5 3 , 

Hi =V X4 2 + 2Ht + U X4 V X5 -2U X5 V X4 + U X5 2 - U X4 3 , 

Hi =2 Ht U X4 -V X5 V X4 + V X5 U XS - V X4 U X4 2 , (204) 

Hi =2HlV X4 -7U X5 V X4 2 + 6V X4 U X5 2 - | V X4 U X 3 -2U X5 H% + | C4 5 C4 4 3 - #X 5 

+ 4V I4 C/ I4 ^ 5 -3^^^ + |^ 4 3 - |^5 3 - HfU Xi 2 , 

Hi =5U X5 V X4 U X4 2 -2V x 2 U x 2 - 3H%U X4 2 -4U Xi 3 V X5 -2U X 2 U X 2 + 2U X4 5 

+ 2U X4 V X& 2 ~2V X4 HtU X4 + Hf + 2V X5 V X4 2 -3V X4 V X5 U X5 + V X5 U X5 2 + HlV x& 

and d X4 Hi 2 = d xs Ht 2 : = d X4 d X5 U and d X4 Hi 1 - d X5 H'i 1 :— d X4 d X5 V. 

Finally, the requirement that the family of ideals i 2 (F^ ) for hyperelliptic curves described in Proposition 19 . 71 is the 
Poisson ideal with respect to the canonical Poisson bracket gives rise to the infinite hierarchy of hydrodynamical type 
systems which is equivalent to that found in the paper |45] . 

13 Conclusion 

The approach to algebraic curves and associated integrable systems via an analysis of the algebro-geometric structure of 
the Birkhoff strata of the Sato Grassmannian seems to be rather natural. Properties of the Birkhoff strata E s essentially 
fix the properties of algebraic curves in each point of the corresponding subsets W s and associated integrable systems. 
Our approach is apparently different from those discussed before, in particular, from the methods of Krichever 
133] [34] SI], Segal- Wilson [19|, Mulase [24] [35l [36] and Takasaki [18]. We shall try to clarify the possible principal 
differences (if so) or eventual interrelation between our method and those mentioned above in a future publication. 
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A Appendix. Curves in Birkhoff strata 



Birkhoff stratum 


associated algebra 


plane curve 


genus 


£ 


C[p] 


Parabola 





Si 


C]p2, P3 ]/rt 3 


Elliptic 


1 


Si, 2 


C[p 3 ,P4,P5]/Cg,C 9 ,Cl0 


Trigonal 


2 


£l,2,...,n 


C[p n+ l,p n+ 2, ■ ■ ■ ,P2n+l] 
{Ci}i=2n+4,...,3n+3 


(n + 1, n + 2) curve 


n ? 



B Appendix. Big cell T, t 



The coefficients in the formula (1321) are 



o 9 = - 4pi 3 + 12 ff^i + 12 ft 1 , 

as =3pi 4 - 12 Hl Pl 2 - 12 Hlpi+G Hi 2 , 

a 7 =12 H{Hl , 

a 6 = - 6pi 6 + 36ftfpi 4 + 36ftV 3 - 54 H\ 2 Pl 2 - 108 ftVftl 



a 4 =9 ft 1 + 3pi 8 - 48 Hi H{ - 24 fffpi 6 - 24pi 5 iT^ + 60pi 4 i/i 



12 



108-ffipi 3 ^2 - 84# 2 1 pift 1 



12 



I ft 



12 



■4^ 13 



;ft l3 P i 2 + 48H l2 Pl 2 



a 3 =64 ft 1 - 4pi 9 - 12 ft 1 ft 1 - 204pi 4 tf 1 1 ft 1 + 276 ft 1 pi 2 ft] + 240 ft'pift 1 + 36 Pl 6 Hl 



108 Pl 5 Hl 2 



96pi 3 ft! + 116 Hi pi 3 + 36pi 7 ft : - 24 H\ pi 



(205) 



The coefficients in the formula (1341) are 



eg =20 ft 1 ft 1 3 - 200 Hl 2 HlHl - 200 #1 ft 1 ft 1 2 - 20 ft 1 ft 16 - 40 Hi Hi 5 + 16 ft 15 
+ 140#2-ffi l2 #3 12 - 300 ft 1 2 ft 12 ft 1 + 100 H^Hl 4 Hi + 120 ftfftjft 1 + 500 Hf , 

c 4 = - 100 ft l2 ft l3 + 50 ft 1 4 ft l2 - 300 h\h\ 2 hIhI + 500 nf hIhI - 200 hIh1 2 h\ 

- 50 Hi 4 Hi 2 + 15 ft 14 + 250 ftfftf - 5 ft l8 + 20 H\ 4 H\ + 20 ftfft 1 ' 5 + 200 H\ 2 H lA Hi 

- 100 HlH\ 4 Hi + 120 Hi 2 H\ 2 H\ - 200.ftlftl 3 ft 1 - 20 ft 1 ft 16 , 

co = - 360ft l2 ft l2 ft l3 + 60 ft 1 2 ft 1 5 ft x - 100 Hi 2 Hi 3 Hi - SOOft^ft^ft 1 - 750 nf H\ 2 H l2 



,i-' 



iio 



-500 #2 ft 1 ft 

+ 625 Hi 4 + 100 H\Hfnl + 600 h^hIhIhI + 500 h\h1 4 hIhI + 80 ftfftf - 80 ftfft 1 

+ 20 ft l6 ft l2 + 50 ft l2 ft l4 - 160 ft l4 ft 13 + 105 ft l4 ft l4 + 20 ft^ft 1 - 40 ft 1? ft l2 - 100 ft l5 ft l2 . 



60 ft 1 ft 1 ft 1 + 700 Hi Hi Hi Hi - 100 ft 1 ft 1 ft 1 - 4 ft 1 + 2 ft 1 

13 TT 1 . „„„ rT i3 TT i „i „i „„„ TT 1 „14„] „! „„ , 1 iS ^j-16 



(206) 
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C Appendix. Stratum £j 

The first following cases in (|64[) are 

C5 2 2 . 2 -t-1 

10 =P2 ~ P3 P2 H = -P2 >23 i 

Cn =P2 4 P3 -P3 3 P2 H = f-P3P2 + 3Hl 1 p 2 2 +P2H- 1-ffil +3p 2 -ffi + p 2 Hl x J ^23 , 

Cia =P3 4 - P2 6 + ■ ■ ■ = (^3 + 2 P l - 6 ff* jjapa + (4 H\ + 9 ffV)rf 

+(-6H 2 -2Jtf?. 1 fl'i 1 -2#i 1 3 )p 3 + (12# 2 #i 1 + 2#i 1 2 +6-ff 2 _ 1 4 + 4# 1 i -6#f ( 207 ) 

+8 H*i 2 Hii)pa + 7H\H'UHl + 3 Hi? H\ + Hi? Hi? + 3 #f i?*i - 6 H\h1? 
+4 H 3 !^ - 8 -Hl^ + 6 H 2 Hl? + 2 Hl?H 3 _ x - 6 fff + 4 # 3 3 + 3 #? a + i? 2 .! 6 ) J^ , 



The discriminant of the elliptic curve l)58p is 
A = 

-Sgei?! 2 //^ 2 // 3 ,! 2 -243ff 24 + 360ff 2 1 3 ff 3 ff 2 ,ff 3 1 + 1152 H^^ H 2 H 2 _ 1 H 2 + 432 H^Ht? H\H 3 _ X 
-Wm\.*H\Hl* + 972 Ht?H 2 H 2 +96H! 1 if 3 2 H! 1 3 4- 216jEff. 1 3 jH'|Hi 1 2 - 432 Ht x H\h\ 
- 72H 2 _ 1 i H\H 3 _ 2 - 432H 3 _ 1 H 22 H 2 _ 2 - 144 H 3 _ X Z H 2 H 2 _ 2 - 1152H 3 H 3 _ 1 H 3 - 1944H 2 H 2 H 2 _ 2 



- 864 H 22 H 2 _ X H\ - 2592 HlH 2 _ 1 H 2 Hf. 1 8 iif - 81 H^^Hl + — H 2 _ x H 2 + 54flt 1 6 flf 

- 1728 ff 32 +5184_ff3ff| + 1296 iff if* 2 + mi^Hf,.^ -3888ff| 2 - 1944 H 2 H 22 - 192H 2 H 3 _ 3 
-48H 1 22 H 3 1 3 + 64H 3 _ 1 2 _ffj i2 -972flt 1 2 flf 2 + 144 ff 2 _ 1 4 iff 2 - 1152 H 3 _? H 22 - 64 H't^H 2 

+ 81H 22 H 2 _ 1 4 + S10H 22 H 2 H 2 _ 1 2 + 1728 H 2 H 3 _ 1 H 3 + 648 H 2 3 H 2 _ x H 3 _ x + 972 H'i x 3 H 2 H 2 

- 324 H 3 _ 1 HlH 2 _ 1 4 + 216 H 3 _ 1 H 2 _ 1 4 H 3 - 54 H 3 _ 1 H 2 _ 1 6 H 3 + 162 H 3 _ 1 H 2 i H 2 _ 1 '' - 27 H 2 _ 1 6 H 2 Ht 1 
+ 216 H 2 _ x 'h' 3 hI + 384H 3 _ 1 2 H 3 H 2 + 432 H 2 2 H 3 _ 1 H 3 + 972 H 2 2 H 2 _ 1 H 2 - 81 H 2 _ x H 2 H\ 

A H 2 _ 1 V H 3 _ 1 H 2 - 486 H^^H^H 2 - 648 ff 2 ? H 2 H 3 - 1728 iff H 2 1 H 2 H 3 _ x + 2592 H 2 H 2 _ 1 H 2 H 3 _ 1 

A- 3456 H 2 H 3 H 2 _ 1 H 2 + 384H 3 _ 1 Hl' 2 H 2 _ 2 - 512 H 33 - 864 H 3 _ 1 H 3 H 2 _ 1 H 2 - 720 H 3 _ 1 H 3 H 2 Hi x 2 

- 192 H 3 _ 1 2 H 3 H 2 _ 1 H 2 + 2592 Ht 1 HlH 3 _ 1 Hl - 1296 H 2 _ 2 hIh\h 3 _ x + 1728 H^ + 54 H 2 _?Hl?H 2 

- 189 H 2 _ 1 4 H 3 _ 1 H 22 - 1296 H 22 H 3 _ 1 H 2 - 3456 H 2 ' 2 H 3 + 2304 H 2 H 32 + 27 H 2 _ 3 H 23 

- 432 H 2 H 2 _ 2 H 3 _ 2 ~ 108 H 2 H 2 _ 4 H 3 _ 2 + 32 H 3 _ 1 4 H 2 _ 1 H 2 + 72 H^^H 2 H^^ + 3456 H 3 H^ x H 2 
+ 1296HIhIh 2 _ x 2 +3888ff4ff 2 _ 1 ff3 - 5184 H 2 H 3 _ 1 H 2 - 2592 H 22 H 2 _ 1 H 2 - 1152 H 32 H 2 _ 1 H 2 

+ 288 H%H 2 _ 2 H 3 _ 2 . 
The coefficients in equation (|75[) are 

D 4 =7H? -4Hl? + 3H'i -2H\ + 4H1?h1? - 4 B.t^H z _ x + W H^ 3 Hf - 2Rt x H\ - 7 Hi? R\ 
+ 11 H 2 _ x Hl + 5H2HI? +2Ht 1 Hl + HliH'Hl! , 

D 2 = | h 2 H 3 2 +4fffffii - Si/li/^ 2 - I Hi^f -&Hl x Hl - I ^/fl? + H ^i? 2 ! 3 

- 8H\ 2 Hl + 12 HlHl* + 14 Hi? H 2 2 +2Hl?Hl + 2Hl?Hl? + 2H 2 _ 1 2 Hl? 

- 2 Hi? Hi + 8 Hl?H? ~ 3 H\Hl? + 3 Hl x HlHl x + - h1 x H\H\ - 2 H\h1? Hl t 

-voh1 1 hIhI + ?>h1 1 2 h1 1 hI + -h1?h1 1 hI -2h1? -h'1? , 



(208) 



(209) 
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Do =6Hi 1 2 Hi 1 2 Hi-Ht 1 5 H% - 11 HtHl x 2 Hl x 2 - SH^H^Hf + 5Hl 1 2 HlH$ 

3 jj3 u 2 4 3 3 2 2 ri-3 „ „2 tt-3 3 tt2 , 1 1 rr2 3 3 2 2 , „ „2 4 u 2 u 3 

-lHl*HlHl + ™ H? - H 2 jHl x Hl + H 2 jHlHl + I fli^tf?* + i ffi x a flf 
+ 8 R^xHl + -y H^HsH^t 3 - 2 HlH 3 _ 2 - 5 H\ 6 H'l - 8 Hl^H^s + 12 H\ A Hl 
+ 4HZH 3 _ 1 3 + ^H 2 _ 1 HiHi + 3H* 1 2 Hl - 2#! 1 3 J7 1 3 + AHfH 2 .^ - AH 2 _ x Hl 

+ AHl 2 Hf - 12 liL x HlHl 2 - WHiHiHl 1 -2HiH 2 _ 1 2 Hi-4H 2 - 1 HlHl 1 2 . 
The longer coefficients in the formula (|77[) are 



-—H 2 _, 3 H 3 _,H 2 + 12 H 2 _, 2 H 2 H 3 _ " " 2 2 " 3 ^ 3 



— 1 - t - t -l J - i l ~r J " 6 - I -'_l - , - i 2- iJ -l ^ J -1 J -1^ J 1 



+6ff 22 H 2 _ 1 2 -4ff 3 1 2 ff 3 + 9ff 2 ff 2 1 2 ~6H 2 _ 2 Hl + H 3 _ x 4 - 6 ff. 2 ff 2 I flf. I +4H 3 _ 1 2 ff 2 1 4 + 4 ff^ff 3 / 
--Hl^H 3 H^H^! 3 + 12H 3 _ 1 H 22 + 12Ht 1 Hl+2H%H 3 _ 1 2 +4H 2 H : { +iH 2 H 2 _ 1 Hf -3H 22 



;h:;h_ 



'1 J -1"2 . 



A 3 = (lSiY^iY 22 + H 2 ! 3 - GH'i^H 2 + 12_ff 2 1 5 if 3 1 2 + 9H 2 1 3 H 3 1 3 +6 if 2 /if 3 ! + 2ff 3 1 4 ff 2 1 

-6H 2 _^Hl + 8H 2 _ 1 H 32 + 6H 2 _ 1 H 2 2 + - H^^H 3 H 2 _ ^ H 2 - 2 H 2 _ x 3 H% + 3 H 2 _ * H\ + \2H%H\ 

-18 H 23 + 18ffJff 2 1 iY 3 1 - 16 H 2 _ 1 H 2 H 3 + 9H 2 _ 1 H 2 H 2 H 2 _ ^ H 3 _ 1 H 2 - 15 H 2 _ ± 3 H 2 H 3 _ x - H 2 _ 2 ti\n\ ( 210 ) 

+3H 2 1 2 H 2 // 2 +45iY 2 1 iY 3 1 iY 22 -4iY 3 1 2 iY 2 1 iY 3 + 12 H 3 _ 1 HfH 2 - 18 H 2 H 2 - -i2H 2 _ 2 H 3 _ 2 H 2 
-8H 2 _ 1 H 2 H 3 _ 1 2 + 7H 3 _ 1 H 2 _ 1 3 H 3 - 9 H 3 _ 1 H 2 H 2 _ 1 2 - 12H 3 _ 1 H 2 _ 1 Hf\ , 

-W H 3 _ t H 2 _ t 2 H^ 2 - 12 H 2 _ t 2 H 22 H 3 _ t + - H 2 _^ HlHl + 6 H 2 _ t 2 H^Hl + 6 H 2 _ t Hl 2 H 2 - 9 H^^ H 2 2 Hl 
-10 Ht^HlHl +8H 2 _ 1 H 32 H 2 + 15 H'i^H^H 2 - — H 3 _ x 2 H 22 H 2 _ 2 + 12 H 3 _ 1 H 22 H 3 - —H^H^^H 3 
+9H 2 H 2 i H 2 _ 1 - - Hl^Hl^Hl + — H 2 _ {' H 3 _ 2 H 2 + 23 H\ 4 H 2 2 H 3 _ 2 - — H\ 4 H 3 _ ± 2 H 3 



■— H 2 _, 3 H 3 _, 3 H 2 + 12 H 2 _, 2 H 3 _, 3 H 2 - 2 H 2 _, 2 H 3 _, 2 H 3 + 3 H 2 _, 2 H 3 _, 2 H 2 - 2 H 2 _, 2 H 3 _, 3 Hf 



■ _ 1 **_ x *i 1 -r-i.~*+_ 1 ^_ x " 2 "" — l ! *-l Ji 3 I ""— 1 "_1 JJ 4 *--"_! * J _1 IJ 1 



+2H 2 _ 1 H 3 _ 1 i H 2 +8H 3 _ 1 2 H 2 H 3 + 12H 3 1 iY 2 iY 3 + 9 H 3 _ 1 H 2 _ ^H\ -8H 3 _ 1 H 3 H 3 -SH^^hIhI 

9 tj2 4 rr2„2 , 3 2 7 3 2 , , - „2 6 „2 rr3 1 rr2 5 3 2 „ „2 5 „2 rr2 33 rr2 * „3 „2 2 
--«_! -H 1 -H 3 + -.H_ 1 H_ii(i+15i)_j M 2 H_ 1 - - M_ 1 H 1 H l -AH_ 1 H 2 H 1 J W -1 W -1 W 1 

+9H 2 _ l 3 H 2 l Hl + 9H 2 _ 1 H 22 H 2 +7H 2 _ 1 2 H 3 H 22 -SHl^H^H 22 -GH^^H 22 -IhI^H 3 - - H 2 ^ H 2 

-2H 2 _ 1 6 H 3 i +3H 2 1 6 if 2 + 11 H^^H 23 + 12 H 3 H 22 - 18 H 22 H 2 +8H 2 H 32 + 2 H 2 ' 3 - 9 H 2i 

H 2 _ 1 3 H 2 H 3 _ 1 H 2 - 16H 2 _ 1 H 2 H 3 H 2 - 6 H 2 _ 1 H 3 H 3 _ 1 H 2 H 2 _ t 3 HfH' 3 _ 1 H 2 + 30 H^^ H 3 H 2 H 3 _ 1 

8tjA "» rj2 tj2 rj-2 -. o rr^ £7^ I-J^ tj3 i nf7 tj3 tj2 tt'2. tj2 tj2 tt2 2, „3 tj2 * .-, rj-2 jt3 tj3 « rj2 

-- H 3 _ 1 H 2 _ 1 5 H 2 - ZH\ 2 H 2 _® + 3H 2 _ 1 S H 2 -8H 3 H 22 + 12 HlH 3 - 6 H 3 _ 1 H 2 _ 1 4 H 3 -6H 2 H 2 _ 1 H 3 
+27 Hi, H^.H 23 - — Hl t H 2 _^Hl - 9 H 22 + — H\ 4 H 2 H 3 -iHf - - lif H 2 _ 2 - — H\ 4 Hf 
+2H 2 H 3 _ 1 4 -4H 3 _ 1 2 H 3 1 2 -4H 3 _ 1 2 H 22 ) . 



:!_> 



The coefficients in equation ()78|) are 



a=-2H\ 



3 2 



b=AH' i _ 1 +AH 2 _ 1 2 , 

c=AH\-2H A _ 2 -Hl^ira ~ 2H\h\ + tt 2 2 - 2 Hi , 

d = -AH\-K2 + 4^ 1 3 7T 2 + 11 HlH 2 _ 2 -AH'UH'f + UHliHi -hH^Ht* - QH^H^ 
+ 2Hl x Hi 

f = -2H 2 _ 1 2 tt 2 3 + H 2 _ 1 4 n 2 2 + AHl-K-2 2 -2H1 2 tx 2 2 -Att 2 2 Hi + A H\ 2 -k 2 HI - SH^H 2 

,-. O ,-.1 ~ A ~ *t „ /I „ -. ,-. K ,-. ,-. -.1 „ O 



^ j-j. _1 /i a I *•*_ 1 «y T^^l'i^ &* xj._i /i a t;/i^ *-*2 T ^ •*•*— 1 »Z-"2 «■*-*■— 1 iJ 1 

WHl^H? +4Hl 1 4 H 3 _ 1 2 +6H 2 _ 1 4 Hl + H^H 2 ^ -8flf fl^ + 4 iff + 4f^ i 2 #i 1 3 
■ # 2 22 + 7T 2 4 + tf^ 4 -\H\h\h\ -<oH 2 _ x HlH\ + §HlH\ 2 -4 Hit 2 Hi - &H\ 2 Hl 
+ 2H\H\Hl - \2H 2 _ x H'l 2 Hl -4HlxHl x H\ - — Hl^HliHl + \2H 2 _ 2 HlH z _ x 

+ 12Hi 1 Hl + 12Hi 1 Hf - ^HlH^ 3 - - Ht^Hl - 4HIh\ + 6 HlH'i 2 ~ AH{H 2 _ 2 K2 

+ 2H 3 _ 1 2 H 2 _ 1 2 tt2+AHI-C'ti2HI~AH 2 _ 1 hItt2 2 , 

ft =3 tfliTra - 4 H 2 _^ - 3 # 2 - Hl 1 H : L 1 , 

j = - 7T 2 3 - 3#f + H 2 _* - TraHii 2 ~^-K2Ht 2 H\ +3n2H 2 _ 1 Hl +3n 2 Hl - 4#i 1 #J 

+ | H 2 _ 2 H\ + I i^i#| -&HlH 2 _ 2 + 2H 3 _ x Hl + ~ H 2 . 1 H 2 H : t 1 -3Hf + 3H 2 _ 1 4 H^ 1 
- 3 tf^tf 2 + Hl 2 H't 2 - 2 n 2 H't + 2 jfff - 3 fflAa + 2 M l7 r 2 2 + 3 h1 2 tt 2 2 . 

D Appendix. Stratum Ei 2 

The coefficients ATj in the formula (|102[) are 

iV4 = — 13 H _ 2 ill "t - 3 H 2 -f- 3 -TI — 2-" _1 — X2 _ 2^—2 — 1 — — 2 — 2 — ^ — 2 — 1 — ^ — 2 — 1 — 2 

J_W 3 £7 4 2 H" 4 W 3 _L U l H 4 - TFT 3 3 I7 3 [7 3 S i1H 3 ff s iff 3 2 H 4 ff 3 3 M A \ 

-\-£l —2tl _2 — JJ_^^J_i+^' — 1 -H _2 — £ tl _ 2 J^_i — il —2 +zil_^ii_2 TJJ_ 2 ^ — 1 — ^—2 —2/ ' 

AT 3 = - (-2H! 2 2 fl 3 _iff' 2 - Hj - ff* +3H 3 3 -3Hi 2 ff -i 2 + ffl 2 2 -fr 3 -i + 3-Ht 2 iff + H'i 2 H' L -iHi 2 

tj3 tj-3 jt5 i-j tj-3 * jr3 , ij-3 d tj-4 rj5 rjl rj'-' Q EJ 3 EJ^ I *J 1/3 -^ tj-3 > q jr3 rj3 

— ti _<2±1 _ ^tl _ 2 — Z 11 _2 tl _ ^ -\- 11 _ ^ — 11 _\il _ 2 — ■" — 2 — 1 — ""—2 — 1 i " -^ — 9 J^^+O/i l^l_i 

- H^H^H 1 ^ + Hi 2 Hl) , 

3£j3 I rj-4 , rj-4 rj-5 ■ rj-'^ EJ"^ ■ q tt3 rj-3 rj-5 . q jt3 rj-4 rj-3 i rr3 rr4 rj-3 . tj4 rj-5 rj-3 rj-4 jj4 

/3 6 +i7 5 -|-i7_2-ri 2 +-"_!-"! +J^_2^ — jW 1 +OIl2ii_ 2^ — l - " - ^!^ — 1 -" — 1 """ ■" 1 -" — 1 _ ^ — 2^ 2*1—2 

2JTJ-3 rj3 rr i rr-J rj"^ rj^ i o rj"3 rj"3 iirO o it j r_r rj rr^ zj^ i rj"^ rj3 rj-4 . q ij-3 -^ rj-o 

11 — 2^—1'— 22— 2'"^— 2 1—1 — -^ "- %"\"— l — "^n_2 t ^4 — iiA c *i—2''^^'—2 2 

1 '3 rj"3 rj4 > q jt4 rj-3 q rj-3 jr3 - q jr3 rj-3 * q jr3 rr3-' ( rj rj-3 4 rj-3 1 q tj3 3 jr3 n tj4 tj3 

Ton_j n, + oriq-n, — o 11,11 —2 — o ii^^i _\ — •-> 11 _o "1 "t" « -" 2 "•"— 2 3 — — 13 

3Tj3 TJ-3 i-j TJ-3 Tj5 q TJ-3 Jj3 ^ TJ-3 TJ 3 , Q TJ-3 TJ-O . Q Tj3 Jj3 Jj4 fi TJ-3 TJ-3 Tj3 

ii — 2'c, — 3 —2 — OH 4-0 _^ — D 11 ^ 11 y ~r J .o _2iio + O il_2Ji_^ri2 — 0-Tig_r2__2^_l 

I Off3 3 fj3 tr3 i O rr3 fJ 3 t7 4 i o f/3 2 rj4 rr3 tt3 rr4 vj-4 „3 rr4 2 4 5 3 4 4 

-\- Z £1 _2 11^11 _^ -\- A 11 _2*1^ 11 _2 ~T Z 11 _2 -0_2^*2 — ii — \ii\ii — — "2—2 ("2—2 — "1" 1 " _ 2 

+ 2^ 2 Hl 2 ffjif 3 _i , 



Wo =- 
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and for the formula (|1U3|) are 



3 rj"5 tj Q EJ" EJ" "7 CT" EJ^ Q IX^ IX^* l /I XX^ EX^ I 1 EX EX TJ^ 

, .1 H-3 rj-3 9 rj-4 „3 pj-4 rj-4 „3 „4 2 3 2 3 3 „3 , „4 „3 2 3 64 2 

-|- 4 xx 9 xi _ 9 — Z 12 ^Tl _2 — XJ2"~J2_2"l - r"_2 " —2 — ^ " _ 1 — ^ ti-^i ~^~ —1 — 1 — — 2 ' — 1 

-QH i _ 1 H 3 _ 1 H 3 _ 2 +2Hj + Hi 2 2 -5Ht 2 H 3 _ 2 2 H 3 _ 1 + 3H 3 _ 1 2 H 3 _ 2 2 - 2Ht 1 H 3 _ 1 + 6 H 3 _ 2 H r i 2 H 3 _ 1 

- 2 H_ 1 H_ 2 - H_ 2 H_ 2 + H_ 1 HZ 2 , 

B 3 =- (-Hjff!/ + 7 H 2 H 3 _. 2 + 2 H 3 _ x 2 H^ 2 -5fl!jV., -2H 3 H 5 _ 2 -2H 3 _^H 3 _ 2 - 2 H 3 _ 1 H 3 _ 2 5 + 5H 3 H 3 

tj3 rr5 rj-3 -^ tj-3 tj-5 tj-4 , tj-3 tj-5 tj-4 l tj-4 -^ jj3 tj-3 tj-4 tj-3 ij-3 O . -i ,-. t/3 tj-3 EX"^ 

— " 1" 2— 2 — "— 1"— 2"— 2 ~r" -"—2—1—2 "*•" —2 — 1 — 2 — — 2 — 1— 2 "■"" ■^-'-'-"l-" — l-"— 2 



'-— 2 JJ 1 J1 — 2 — J1 — 1 1J — 1 — J1 — 1 1J 1 "I~ J1 — 1 lL — 2 — J1 — 1 JJ — 2 — J1 — 2 J1 2 T **-"3 "— 2 ~1~ ^ L1 — 1 " — 2 



■ H _ ■£ xl _ 2 — J3_ ^ xl _ 2 — ii_ 2 "2 "^ ^ 3 — 2 ~^~ ^ — 1 — 9 ~" 2 /l 2 " — 2 

1 1 EX^* EX 4 O EX"^ 1 EX^ £7"-" EX^ /I EX 4 EX^ EJ"3 ,1 EX 4 tj-3 « tj-3 o EX 4 [J^ tj-5 . jr4 jx3 •= ri4 

-\-Z Jtl™ — "3 — Z 22 a — Z xi ^" _ 1 " _ 1 — ^ " _2" — 1 —2 — ^ " _1 " _2 — 1 — ^"_i"_2 — 2 ' — 1 — 2 —2 

+ H i _ 2 H 3 _ 1 H i _ 1 - 2H^H 3 _A , 

■ £2 _i XI4 -j- Ji2 ii_ 1 — xig J3_ 1 — 2 .TZ2 xx _2" _ 1 — " — 2 "2 " — 2 ~i~ ^ "2 "1 "t~ ^ "1 " _l " _2 

1 EX ij-3 jj5 , ,-. tj-4 tj-3 t,5 ,-. ti4 tj3 -^ tj3 c jt3 tj-3 rj-3 r* rj-3 tj-5 tj3 q rj-3 tj-3 , ^. tj-3 -^ ij-3 -^ ri-3 

~\~£2—2 r >— r >\—ll— r > — ^ il — \ti — 2 "2 — 0/X4-f3_^.f3_2 — ^"_2"2— 1 — ^ ^3^1 t ^ "-2 —1 1 

+ 2H 3 _ 2 i H 3 +2HlH 3 _ 2 - 7H 3 H 3 _ 2 2 + 2 H^H 2 + 2 H^H 3 _ 1 - 2 ffl^flf + 5 H 3 _ 2 3 H 2 + 2 H 3 H & _ 2 - 5H 3 H 3 _ 2 3 

— 2 Ji 3 j3_ i ~|- 5 Iio ff _ 2 "I - 2 ia o -fl _ 2 — 2 ix 2 « _ 2 ~t~ ^ ■" 1 ■" — 1 " — 2 ~~^~ 4 — 2 — 6 — 2 — 3 — 2 

i HT^ rj5 rj-3 | i-j jr3 tj-o tj3 . rji rj3 -i r- rr3 rj-3 rj-3 rj4 tj3 - tj4 ti4 tj-3 tj-4 . Q tj-4 tj-3 tj-3 . tj-4 

-J- Xi Q "_2"2 ~r^"l"— 1 -" _ i ~T -" _ 25 — lu.fl_9-fl2"l — "2—2 " — 9 __ "_2"9" — 1 ~r " -** 3 ** _ 1 ■" _ 2 "•" 6 

i o Ij3 | i-) tj3 ^ rr3 i rj rj-3 tj-3 , i-j jj3 3 tj3 rj4 tj-3 tj-4 jj3 tj4 jj3 tj-4 tj-3 • i rr4 jj3 tj-3 tj-3 

-\-J,i2^-\-Zi2_^ Tl.j -f- Z £2 2 22-2 ~T ^- ti _-. 1 — "l" — l"— 2— 2 — — 11— 2 — 2 ' — 22— 1 — 2 

+ 4//i 1 i J "fi¥?_ 1 i¥?_2 -4Ki 2 Hl 2 ia"i 1 Ki - 6H 3 _ 2 2 Hf 2 -\- 4 H^ 1 H^ - 2 H^ 1 H^ 4- Q H*H*_^ H^ 

J 3 2 „4 rj3 2 _ „3 tj-5 tj-3 2 ,j-4 „4 ^3 jj-4 rr3 rj-5 rr4 tj-3 tj-4 . tj4 tj3 tj-3 

* 9 1 " — 2 1 ~T"0-f3T-0_T-0_2 — "3"_2"— 2 ~r^"2— 2— 2 — 1—1—1 '"—2—2 4 

/) tJ"3 JjO TJ-3 TJ-4 "i TJ-3 TJ-3 . Q TJ-4 TJ-3 TJ-3 . Q TJ-4 TJ-3 Tj3 . ,-J tj-3 o JJ-3 TJ-3 

z ±2l_r ) r2_r ) 2rL^ — 22 _ 2 xj9-f2_2~r^"_i"2" — li^"l"l"— 2~'~— 2 — 12 

1 t; zj"3 Tj-5 tj-3 — I tj-4 tj-3 tj-3 o „ jt4 tj-3 •= tj-3 , tj-4 tj-3 * tj-4 - rj-3 rj3 tj-5 tj-4 , tj-3 ^ ^ tj-5 

~rO"_l"l"_2 i"_ 1 " 1 " — 2 — "_2 — 1 "l~r"2— 2 — —1 1 — "l"_l"_2~r"2 — 5 

_]_ rr 4 fJ 3 rr 3 3 1 /I t7 5 F7 3 f7 3 F7 3 F7 5 £7 4 /I f7 3 £7 3 2 _l_ £7 4 f7 3 3 _L £7 4 £7 3 f7 3 3 FT 4 F7 3 F7 4 

-\-M_ 2 U 2 ri_2 + 4 tt_ l H2ri_2 — ri_ 1 ti 1 i2_2 - 4 ti_ l i2 l +^ 3 /i_ 2 +/i 1 H_ 1 ^_ 2 -^2^-2^-1 ■ 

For the trigonal curve (|106ft the coefficients Q^ are given by 

Q 8 =4iz"f -2H't 1 2 + 4H 3 _ 1 H 3 _ 2 2 - H^ + H 3 _ 2 H A _ 1 - H 3 _ 2 2 H A _ 2 + 2H1 2 ^_i , 

Q 7 =-3Hl 1 ifl 2 -3Hf + 4i?| +4// 3 _ 1 2 H 3 _2 + 8Hi# 3 _ 2 + 2i¥ 3 _ 2 ^i 2 2 - H'- 2 2 Ht x - 4 H 3 _ 2 Ht 2 H 3 _ 1 

+ 5H 4 L 1 H't 1 + 2 H 3 _ 2 3 Ht 2 ■■ 
Q Q =4H 3 -3H 2 i + 4H 3 H 3 _2 4-4H 3 H 3 _ 1 - Ht 2 3 -ZHt^ - H 3 _ 2 2 H A _ 2 2 - ?> H 3 _ 2 Ht 1 H 3 _ 1 - 5 Hl 2 H% 

rr3 tj-4 tj-4 „4 2 3 „4 „3 2 4 „3 

— "_2" — 1"— 2 "•" — 2 — 1 — —2—1 — Z 22 _ 2 " 1 : 

Q 4 =H 3 _ 2 3 H^ + Ht x 2 H 3 _ x +S,hIh 3 _ 2 -4H 3 H 3 _ 1 -3H 2 H 4 _ 2 -3H^H i _ l -4H 3 H 3 _ 2 3 -4H 3 H 3 _ 1 2 

+ 4H 3 H 3 _ 2 2 -8H : i 2 Hz - 7H 3 _. 2 H 2 +2H 2 H 3 _ 1 +6Ht 2 H 3 + 2 Ht 2 2 H 3 - 2H A _ 2 H 3 _ 3 + 5Ht 1 H 3 
. + H 3 _ 2 Ht 2 Ht + H 3 _ 2 2 Ht 2 H 3 _ 2 +4H 3 -3Hi + 6 fff + Ht 2 n\ 2 - H 3 _ 2 Ht 2 H\H\ - H 3 _ 3 h\h\ , 
+ ff^ 1 4 + SH 3 H 3 _ 1 H 3 _ 2 + 2H 3 _ 2 Ht 1 H 3 + 2 H 3 _ 2 2 Ht 2 H 3 -6H 3 _ 1 H 3 _ 2 H* + 4 H 3 H 3 _ 1 H 3 _ 2 2 + 3 H 3 _ 2 Ht 1 H 3 _ 1 2 
+ 2Hi 2 H 3 H 3 _ 1 , 

Q 3 = - Ht 1 H 3 _ 1 3 +8H 3 H 3 _ 2 +4HlH 3 _ 1 + 8H 3 H 3 -3H*Ht 2 -&H i 2 H i _ 1 - 3H\H l _ 2 + S Ht 2 2 H 3 

+ 4H 32 H 3 _ 2 +4H 3 2 H 3 _ l 2 +8H't 2 2 Hl - 8 H 3 _ 2 H% - 10 H 3 _ 2 H* -4H^Hi 1 + 6 Hi 2 H 3 -4H^H 3 _ l 2 

- 1 ^3 — ^ ^1 ^1 

— 3Ht + H 3 _ 3 Ht 2 + H\nt 2 n\ - Ht 2 k\h\ - H\ 3 - 6 h\h\h 3 _ 2 + 5Hi 1 H 3 1 H 3 _ 1 + 6H 3 _ 2 Hi 1 H 3 
+ 4H 3 _ 2 H A _ 2 Hl +8H 3 i H 3 _ 1 H 3 _ 2 - 2H't 2 2 H i _ 1 H 3 - 7 ff i 5 . 2 ifl j iff -6Ht 2 H 2 H :i _ 1 + 8 Ht 2 HlH 3 _ 2 2 



3 -O _ i ri 2" _ 1 — 10 Xi -.H 2 "2 — ^ —2 2 —2 — —2 1 —2 ~^~ " 1 —2 — 1 ~^" — 1 



-1^-2^-1 
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Qo — 8 .fig H _2 ~4~ H_ \H _2 H2 H _ 1 — i± _ 2 H _ ^ H ^ H_^ -\- H_2H2 H _^ H _2 — 13 -ff — 2 -"2 -" — 1 ■" — 1 ~l~ 4 -f^g — 3 .fig 

o h-3 2 „4 2 „3 3 4 tr4 , rj4 „3 rr3 2 4 „3 2 3 3 2 4 tj-4 , rj-4 2 3 3 2 

— Z tl^ — o t±2 ~r^'_2 -"2 — 1 "■" — 12— 1 "r" —11 —2 — — 1 "l ■*■* — 1 ~r -" _ 1 \ —1 

-\- H _ ■, H* H _-, — H _2n-2 ~4~ 4 X7 1 — 12 F, flo -n _ 1 — 6 fz _2** 3 ■" — 1 ~l~ 3 -Tz _2 Ho ff _ i ~f" 3 -fl _ 1 -fl l n 2 

-2Ht 2 H 3 > H 3 _ 1 - 2H 2 H 3 H 3 _ 1 + lQHlH 3 _ 2 Hl + 6H*H 3 H 3 _ 2 2 - 4 ff * ,Hf ff j 3 . 2 3 + 2Ht 2 3 H 3 H 3 _ 1 - 5Hi 2 H 2 H* 

— 12 H 2 H 3 _ 2 2 H 3 + 16H 3 H 3 _ 1 H 3 _ 2 - 12 H^H 3 ,^ H 3 _ 2 +5Hi 1 H 3 H 3 _ 1 + 10 H 3 _ 2 H^ 1 Hf + 4H 3 _ 2 H A _ 2 Hl 
+ 14 ff^fffff; 5 + 8fffff; 3 . 2 ff: 3 . 1 2 + 4H 3 H 3 _ 1 + 12 H 3 H 3 + SHIh 3 -3H 6 4 ff* 2 - 6 H^H^ - 3H*H* 

— 3 HiH 4 _ 2 2 - iHtHt, 3 + 3 H 4 _ 2 2 H 32 + 6 Ht 2 2 H 3 - 3 HtHt, 2 - 3 Hf H 4 _ 2 + 4 HlH^, 2 + S Hf H 3 _ ± 
-4H 3 2 2 H 3 _ 2 2 +8H 3 7 H 3 _ 2 2 -2H 3 1 2 H 3 _ 1 2 +4H 3 3 H 3 _ 1 3 -8H 3 _ 2 H$ -4H 3 _ 2 2 Hf - 10 H 3 _ 2 2 H* - 4 H^H^, 
+ 6Ht 2 H 3 - 4HlH 3 _ 2 - 4Hi 1 H 3 _ 2 3 + 9 H* 1 H 3 - 8H 3 H* -4ff 3 4 H 2 3 + 3fffffi + 3 fff 2 H 3 _ 1 + 6H 2 H 3 

~\~ 2 fz _2 fig -f- 6 -Tl _ ^ -TIq — 2 fl ^ ri_2ii\ H _2 ~i~ 8 H _2 "4 fl_ ^ ff_2 ~\~ 8 il _2±i_2 ffa H _ ^ -j- 2 ii_ ^ fl_2-fig ff _2 
-\- 8 fi2 fi _ ^ fl ^ H _2 — 6 ff -^ rz ^ fl _ \ti _2 ~4~ 16 fz _ ^ ffo H _^H _2 ~\~ 2 fz _ ^ H _2 H 2 " _i ~l~ 8 ff —2 —2 2 1 

-(- 4 fl _2** —22 — 1 — ' — 1 —2 1 —1 "I" —2 —2 1 — 1 — 1 " — 1" — 2 — 2 ~^~ 1 — 1 2 2 

o et 4 W 3 f/ 3 3 f/ 4 _i_ 9 *7 4 H- 3 f/ 3 2 W 3 9 H" 4 H" 3 W 3 JT 4 2 /I f/ 3 2 f/ 4 H" 4 H" 3 9 H" 4 H" 3 f/ 3 3 *7 4 

— Z 11^11 _^ZZ _2 ll _2 ~T Z Ft _^£i-^il _-^ Tl _2 — Z£l_^li^ii_2^i_2 — 4/2_2 "2—2—1 — ^^ — 1^1^ — 2 —2 

-)- 3 fz _ 2 fz 2 -TZ _ 2 fz _ ^ -|- 2 ff_ 2 ■" _ 2 ■" 1 ^* — 1 — 6 fz _ 2 fz 2 ■" 2 — 16 fz ^ fz _ 2 -fig -f- 2 fz _ 2 ffg -ff _ 1 "I - ' "2 — 2 — 1 

— 6 fz2 ff_i ii — 2 — 2 —21 "^~ 4 11—2—1 1 ~^~ — 2 — 2 5 — — 1 — 2 5 — 3 "3 ff _ 1 ff _2 
-(- 8 ffg ff j ff _2 ~l~ 8 fffi ff_l ff_2 "I - 8 ffg ff _ 2 ^2 — 10 ff —24 — 1 — —25 —2 — 3 ff _2 ^4 ^—2 

— 7 ff 2 ^3 ff _ i ~l~ 2 ffX ff —2** — 1 ~l~ 2 ff o H_2^x ~~ 4 ffo HtH_2 ~l~10 n_o"3 "i "l~ 9 ■"-. " _2 2 

+ 9Hi 1 Ht 2 Hl-4Ht 1 H 3 _ 2 3 H 3 3 +6Hi 1 H 3 _ 2 2 Hl+2HtHi 2 H 3 _ 1 -l(iHtH 3 _ 1 H 3 _ 2 2 + 2H 3 _ 2 i H i 1 Ht 1 

o rr 3 t7 4 2 tJ 4 /I f7 4 2 fT 3 f7 4 t; Zj3 rj4 rr4 rr4 rr3 u4 2 c rr4 rr4 rr3 o rr 4 t,3 3 ^7.4 

— Z £1 _2ii _i ZZ-i — 4/i_2 J3 _ 1 xi o — O^i^i^ — i — ^■^i'iii — 2—2 — "-"3-"_l-"_l — A 11^,11 2 ^_o 

— 4 ff ^ H _^ H _2 — 4ff_2 ff— 1 ff 1 ~l~ 2 ff _2-ff ^_ 1 ff 1 -|- 2 ff __2 H__2 ^3 ~l~ 6 ff _ ^ ff ^ ff _2 ff —2** — 1 ■ 
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